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(»^ In preparing the following work, two objects have beea 
^ kept constantly ia view. First, I h^ve endeavoured to 
jbring the essential principles of Greometry^ within a small 
yi compass } and, secondly, to make their connexion easy to 
J2 be understood. That such a book is wanted, I am con- 
^ vinced from personal experience. The works of Euclid 
and Legendre, the two most generally studied in New-£ng- 
land, Aough each is nearly perfect ia its kind, are, for that 
very reason, suited only to the highest seminaries of lea|n« 
ing. They cost too much and they require too much time^ 
to be generally studied in academies*and schools. More- 
over they are too abstruse and difficult for the comprehen- 
sion of very young pupils. All this is a necessary conse- 
quence of their fulness and perfection, as treatises on Ibis 
branch of Mathematics. They necessarily contain many 
propositions, which are not requisite for the understanding 
of subsequent branches, 'such as Trigonometry and Conic 
f Sections ; and which are not made Use of in the more im- 
portant practical applications, such as Mensuration, Sur- 
veying and Navigation. To study them would be an e:i£- 
cellent discipline for the mind, if there were time ; but 
this det^ns the pupil too long from tlie subsequent higher 
branches, which iJford an equally salutary discipline for 
the mind, and, in addition to this, are absolutely essential 
to a complete practical education. 
^ Under these impressicms, I have omitted all such propo- 
' sitions as are not absolutely necessary for the understanding 
4i{ the subsequent parts of a mathematical course. I ha^e 



^ 



ir V *^ PRE:e4CE. 

e(inde]i$e#l||ose whicli.fiiilie sUbitted, as much as- was 
compatil4i^with'^ clearness ^Jf^j^Offk^ty^ that the book 
might be small and consequefljp^helip. I have placed 
the problems immediately after the theurems upon which 
they depend, that this dependence might always be readily 
perceived. I have avoided the general use of the techni- 
cal terms, probleiik, theorem^ corollary^ scholium and axUnn, 
from a conviction ihat they confuse rather than assist youQg 
i% poinds ; and have used instead of them, the general term 
proposition. With regard to definitions^ I have, for the 
most part, deferred .giving them, until the magnitudes or 
iigure» defined were to be immediately considered, beiiev* 
ing that in this way they would be more readily under- 
stood aod remembered. Whenever I have ventured to de- 
part from the definitions in common use, as in the case of 
a straight line and oi parallel Unes^ it has been done, not for 
the sake of being original, but solely with a view to great- 
er simplicity ; remembering that the work was for youth 
and not for adepts. The same remark applies to those de- 
monstrations which are believed to be original, such as the 
equality of the angles farmed by parallel Unes meeting a straight 
line ; and the approj^maie raiio of the'drcwnference of a cf'r- 
de to its diameter : also several of the properties of a triangle 
byifiscribing it in a cirde. 

The division of the work into three sections, is founded 
in the nature of the subject. Extension, or the space 
which matter occupies, has three dimensions, lengthy 
breadth, and thickoess. These may be considered separ- 
ately or in connexion. When we consider length akme^ its 
representative is a line. Hence the first section treats of 
lines and their relations. When we consider length and 
breadth together^ or length in two ways^ their representative 
is a surface. Hence die second section treats of surfaces. ^ 
Lastly when we consider lengthy hreadth^ and thickness toge^ 
iher^ or length in three waySy their representative is a solid. 
\ Hence the third section treats of solids. The appendix is not 
designed to give a complete view of the applications of 
geometry to practical puiposes, for this would require a 
separate volume ; but only to give the pupil a general no- 
tion of the uses of geometry, by some of the most impor- 
tant particular cases. Questions are placed at the end of 
the whole, because it is believed they will assist young:- 
\ pugils in reviewing. Those proposition^ and .'definitional 
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which are thought proper to lie committed to memory hy ihe 
pupil, are printed in Italics fufkd separated from the context 
by a dash at the heginping and end. 

It is proper here to observe that the circle is uniformly ' 
treated in the following work, as a regular polygon of an 
infinite number of sides. This has done more than all other 
expedients, to reduce the dimensions of the work, without 
din^inishing the number of results. If this principle had 
not been introduced, and the properties of the circle and 
figures depending upon it, had been demonstrated by the 
usual method of a reductio ad ahsurdum^ at least thirty pa>ges 
more would have been necessary to obtain the same results 
as are here obtained. This appeared to be a sufficient 
reason for introducing it. 

Under the impression that every student, who Is at all 
inquisitive or curious, must desire to know something of, 
the history of geometry, its origin and progress are briefly 
traced in the Suroduction. If the student should read this 
before studying the body of the work, it is recommended 
that he read it again, after he has finished the course of 
demonstration,. 

I shall make but one observation more. This work is 
prepared for yourtg pupUsy and does not profess to be a com- 

SAete treatise on all the elements of Geometry. If, there- 
ore it be honoured with criticism, it is but just that these 
things should be kept in mind. Its pretensions are hum- 
ble ; and that it has many faults^ no one can be more sen- 
sible than 

THE AUTHOR. 
Eound BUy Northampton^ Feb. 2, 1829. 
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CONTAINING 



M bttef tiffitors of <eRfometts. 



GrEOMETRT ttikes its name from two Greek words sigoir 
fying the meanmng of landy this being the first purpose to 
which it was applied. It is generally supposed to have 
originated in Egypt, and to have owed its invention to the 
necessity of determining anew every year^ the land-marks 
which designated the share of land belonging to each pro- 
prietor, when the annual inundations of the Nile had obli- 
terated or removed them. This however is conjecture. 
But it is known with certainty, that the Egyptians had 
some little knowledge of the first principles of Geometry. 

The scanty knowledge of the Egyptians was brought 
into Greece by Thales the philosopher, about 640 years 
before Christ ; and there, geometry grew up, from a few 
scattered elements, into that exact and beautiful science 
which it now is. While in Egypt, it is said that Thales 
learned enough of Geometry to enable him to measure the 
heights of the pyramids by means of their shadows, and to 
ascertain the distance of vessels remote from the shore. 
Upon his return to Greece, he not only encouraged the 
study among his countrymen, but made some important dis- 
coveries himself. He first found out that aU the angles iti' 
scribed in a semicircle are right angles^ and was so delighted 
with the discovery that he made a sacrifice to the Muses. 

Soon after Thales came Anaxagoras. He was imprison- 
ed on account of his opinions respecting astronomy, and 
during bis confinement employed himself in attempting to 
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nd the guadrature of the circle^ or the ratio of the drcwnfe^ 
mce to the diameter. It is remarkable that the first attempt 
) solve the most famous' problem in Geometry, should hav6 
een a prison amusement. 

Pythagoras was bom about 580 years before Christ* 
fter having travelled into Egypt and India, he gave him- 
;]f up to the study of geometry with wonderful ardour and 
iccess. It was he who discovered that the square of the 
fpothenuse of a right-angled triangle is equal to thfi sum of the 
uares of the other two sides. To express his joy and grati- 
de for this great discovery, we are told that he sacrificed 
ie hundred oxen to the Muses. He also discovered that 
e circle is the greatest of all figures of the same perimeter. 
The first man who digested the Etements of Geometry 
to a regular treatise, was Hippocrates, who lived soon 
ter Pythagoras. This work has not come down to us ; 
it history informs us, respecting Hippocrates, that he was 
iginally a merchant ; that he visited Athens on business, 
d was one day tempted by mere curiosity to visit the 
hools of philosophy ; that he there • heard of geometry 
r the first time, and was so charmed that he renounced 
. other pursuits and gave his whole mind to this. No 
jnder that with such fervent devotion to the study, he 
on became one of the best geirtfieters of his time. 
We now come to the celebrated school of Plato, in 
Wch, during the life of its founder, geometry formed the 
sis of instruction. It is delightful to think of the enthu* 
Lsm which so great a man as Plato felt for this study. He 
aced an inscription over the door of his school, saying, 
let no one who is ignorant of Geometry enter here.'' 
e also declared to his disciples his belief, that the mind of 
e Deity was constantly occupied with the truths of geometry. 
)r some time the disciples of Plato shared the enthusiasm 

their master, and accordingly from them geometry re- , 
ived immense accessions. Leon, a pupil of one of Plato's 
sciples, arranged, for the second time, the elements of 
eometry into a regular treatise. And Eudoxus, an inti- 
ate friend of Plato, found out the solidity of a pyramid and 
fie. It is also supposed that he was the inventor of the 
eory of geometrical proportion, as presented by Euclid, of 
hom we are next to speak. 

About 300 years before Christ, Ptolemy Lagus founded 
school of philosophy at Alexandria, in which Mathemat** 
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ic8 was cultivated before every thing else. It was her^ 
that Euclid gained his lasting celebrity as a Geometer; 
his ardour having been first kindled at Athens, under the \ 
disciples of Plato. It is related that when Ptolemy Phil- 
adelphus asked him, whether there was any easier method 
of studying geometry than the one commonly pursued, he 
replied " No : there is no royal road to geometry." Eu- 
clid is chiefly known in modern times as the author of the 
Elements^ a work composed ^ith su.ch wonderful judgment 
and sagacity, that the efforts of 2000 years have scarcely 
been able to make an improvement upon it. It has often 
been re-modelled and has had ever so many commentatws ; 
but under some form or other, it is at this day studied in 
every region of the civilized world. What a glorious earth- 
ly immortality did the composition of this v^ork secure to 
its author ! It is a singular fact that Euclid's Elements 
were first known to Europe, after the revival of learning in 
the 12th century, through the medium of an Arabic trans- 
lation. 

F(dlowing down the order of time, the next name of ce- 
lebrity^ is that of Archimedes, who was born at Syracuse 
about 287 years before Christ. It was he who first disco- 
vered the properties of the sphere and cylinder. Upon ' 
these discoveries, he wished his fame with posterity to 
rest ; for which reason, he requested that after his deatj}^ 
a sphere and cylinder might be inscribed on his tomb* But 
he made a great many other discoveries ; and among the 
rest, that ol the approximate ratio of the circumference of the 
eircle to its diameter. He demonstrated that, calling the 
diameter 1, the circumference is between 3|^ and 3^ ; 
and the principles laid down by him in this demonstration^ 
have formed the basis of all succeeding approximations. 
It is generally admitted that Archimedes holds the same 
rank among the ancients, as Newton and La Place among 
the moderns. ■ The method of Exhaustions described here- 
after, was his invention. 

•• About the time that Archimedes died, Apollonius was 
born, a man who acquired such reputation among his con- 
temporaries, as to be familiarly known by the name of the 
Great Geometer* His writings have fortunately been pre- 
served, and together with those of Euclid and Arcljimedes, 
form the chief sources from which our knowledge of an» 
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cient Geometry is derived. After Apolloniuff, no verjr 
distinguished name occurs before the Christian Era. 

With the Christian Era commences a long interval, in 
which no brilliant discovery was made. Learning of every 
kind was now in the wane. Towards the end of the fourth 
century, two mathematicians appeared, Theon and Pappus, 
who wrote some excellent commentaries upon former 
works, but produced nothii^ original. Hypatia, too, the 
illustrious daughter of Theon, and his successor in the chair 
of the Alexandrian school, was famed for her knowledge 
of geometry and for the sagacity displayed in her annota-. 
tians upon Apolionius. But these are all who deserve to 
be mentioned even as commentators, for several centuries. 

During the fifth, sixth, and seventh centuries, geometry 
was chiefly cultivated by the Arabs and Persians. The 
Arabs, without contributing many new discoveries, trans- 
lated most of the works of the Greek geometers, and by 
thus preserving the lights of this branch of science from 
total extinction, made some remuneration to Europe for 
the general devastation which followed their inroads. The 
Persians were well acquainted with the Elements of Eu- 
clid, and made copious commentaries upon it. One of 
their most distinguished geometers, M aimon-Reschid, con- 
ceived such a singular fondness for one of Euclid's propo- 
sitions, that he wore the diagram for an ornament em- 
broidered on his sleeve. The Persians call geometry the 
difficult science J and have fantastic names for all the prin- 
cipal propositions. For example, they call the proposition 
respecting the square of the hypotheuuse, the bride, and fher 
converse of it the bride^a sister. 

Rome never had any distinguished geometers. Cicero 
professes a high esteem for Mathematics, but did not write 
upon the subject. The Chinese have never cultivated 
geometry to any great extent When the Europeans first 
visited them, their knowledge extended Httle farther than 
the rules of Mensuration. 

In Europe from the eighth to the thirteenth centiiry 
geometry with difficulty maintained a precarious existence. 
Here and there a solitary individual, in the retirement of a 
cloister, made it the subject of his contemplations. But 
on the i^hole, this period may be properly called the mid* 
night of geometry. 

During the thirteenth and fourteenth centuries ^e begia 
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to perceive the dawnings of a brighter day. Among the 
absurd opinions entertained in the dark ages, one of the 
most absurd was a belief in Astrology^ or in the influence 
exerted by the positions and motions of the heavenly bo- 
dies upon human affairs. Yet to this belief, more than to 
any thing else, we are indebted for the revival of geometry. 
The vain attempt to foretell the destiny of an individual, 
by casting his horoscope^ as it was called ; that is, by ascer- 
taining the relative positions of the planets at the time of 
his birth, led those who professed astrology to an assiduous 
cultivation of geofpetry, without which dieir calculations 
could not be made. 

At length, however, as the darkness of ignorance and 
superstition began to be dissipated, geometry was studied 
from a nobler motive. Though it takes its name from the 
measurement of land, yet its noblest application is to the 
spaces of the heavens. In other words, it forms the key 
to all our knowledge of Astronomy, by far the most sul>- 
lime of sciences. With this view, geometry began to be 
cultivated in the fourteenth and fifteenth centuries. At 
this time it numbered among its votaries, Wallingfort, the 
English poet Chaucer, Purbach, and Regiomontanus. But 
names now begin to thicken upon us in such numbers that 
we can only mention the most celebrated. ^ 

Cavalleri was born at Milan in 1598. He invented «.. 
new DEiethod of geometrical reasoning, called the method 
of Indivisibles. He considered a line as made up of an in- 
finite number of points, a surface as made up of an infinite 
number of lines, and a solid as made up of an infinite num- 
ber of surfaces. These infinitely small elements of the 
geometric magnitudes, he denominated indivisibles. The 
method of summing an infinite series of terms in arithmet- 
ical progression had long been known ; and accordingly the 
process of comparing curves with straight lines, and meas- 
uring the area of surfaces, and the solidities of solids, was 
now rendered simple and summary. The method of indi- 
▼isibles has a decided advantage over the ancient method , ^ 
of Exhaustions ascribed to Archimedes, by being far less 
cumbrous and circuitous. To explain what is meant by 
the method of exhaustions, we will describe its application 
to a particular case. Suppose it were required to find the 
area of a circle. For this purpose, a polygon is inscribed 
in the circle, and another is circumscribed about it. Here 
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then are two determinate areas, one less and the other 
greater than that of the circle. Thus two limits are fixed, 
within which the area sought must he contained ; and 
these limits may he constantly hrought nearer together, hy 
increasing the sides of the two polygons. At length the 
difference hetween the two limits, is reduced to a quantity 
too small to be estimated. It is then said to be exhaiistedy 
and the area of either of the polygons may be taken for the 
area of the circle. This is the method which Archimedes 
employed to find the ratio of the circumference to the di- 
ametier. It was also employed by Ludolph Van Ceuben, 
$ Dutch geometer contemporary with Cavalleri for the 
same purpose. This man had the patience to carry the 
approximation to 36 figures. 

Another contemporary of Cavalleri, Roberval of France, 
invented a method of reasoning which closely resembled 
the method of indivisibles ; but differed in this, that sur- 
faces were considered as made up of an indefinite number 
of narrow rectangles or oblongs, and solids of an indefinite 
number of. thin piisms, all decreasing according to a certain 

. law. 

In the same century Descartes conferred a lasting benefit. 
«pon geometry, by applying Algebra to it. By this inven- 
tion, the properties of geometrical figures are represented 

-by equations ; and the Application of Algebra to Geometry y 
has now become an extensive branch of mathematics* The 
a.ncient geometers were entirely ignorant of Algebra, and 
the discovery of so powerful an instruipent, is the most im- 
portant advantage yet gained by the moderns. 

In this connexion we must not omit to mention Pascal, 
especially as we write for youth. Probably France never 
produced a greater genius. He had heard the mathemati- 
cians who visited his father speak with enthusiasm of ge- 
ometry. He requested thaJ; a book of geometry might be 
given him. This his father refused, because he was yet 
only twelve years old, and it was not consistent with the 
plan marke,d out for his education, that he should com- 
mence the study of mathematics so young. But Pascal 
was not to be thus put off. He had received a hint of 
what geometry was, and immediately began to invent a 
system for himself. The walls of his room were literally 
covered with diagrams, and he had already advanced so far 
as to demonstrate that the three angles of a triangle are equal 
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(9 two rigJa angles^ when his father discoyered what he was 
doing. This, be it remembered, was when he was only 
twelve years old. 

Passing over Huygens and Gregory, we pause a moment 
to admire the enthusiasm of Dr. Barrow, the illustrious 
preceptor of Newton, Though educated for a theologian, 
geometry had attractions which he could not resist. He, 
like Plato, considered the contemplation of it, as not un- 
worthy of the deity, and inscribed the edition which he 
published of ApoUonius, with these words ; " God himself' 
geometrizes \ Lord, how great a geomet^ thod art !" 

It would seem that few discoveries no\Y remained to be 
made in geom'etry. The labours of the eighteenth centuqr 
were chiefly directed to the extending of its applications, 
thus making it the instrument ibstead of the object of diff- 
covery. Or if any still attempted to improve the science 
itself, it was by remodelling its elements, and not by add* 
ing to their number. Vo this class belong Simson, Play- 
fairj and Legendre. We might mention many others, but 
we limit ourselves to these, because they are the authors 
chiefly studied in the United States. Simson and Playfair, 
two Spottish professors, have each published improved edf^ 
.tioDS of Euclid, which leave little to be dcftired od the sub- 
ject of elementary geometry, according to the ancient or t- 
Euclidean method. Legendre, the most eminent of French 
geometers, has produced a work, whiich deservedly istonds 
at the bead of modem systeml. ^It has been many times 
translated, and has passed through a grtut number of edi- 
tions. The translation which is chiefly , studied in this 
country, was executed by Professor Farrar of Harvard Uni- • 
versity. Respecting these three works, we shall only add, -^ 
that those who would understand g^onjetry as it was left 
by Euclid, must study Simson ; those who would unite ' 
^odem improvements with the rigid method of the an- 
' cients, must study Playfair ; and those who would have a 
complete view of geometry *as it now is, without particular 
regard to the ancient method, must study Legendre. 

As the student may desire to know in what respects the 
ancient and modern methods differ, we shall briefly state 
their general characteristics. Both agree in this, that cer- 
tain principles or truths are taken for granted to begin with. 
They are taken for granted, becai^e they cannot be prov- 
ed ; being self-evident the moment they are stated. Theso 
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are called ojooms^ and are to ge^netry^ what the (qun^- 
tions are to a building. Euclid's axioms are the following : 

I. Things which are equal to the same are equal to one 
another. 

% If equals be added to equals the wholes are eqnaL 

3. If equals be taken from equals, the remainders aCre 
equal. 

4. If equals be added to unequals^ the wholes aifc une- 
qual. 

5. If equals be taken from unequals, the remainders are 
unequal. ' 

6. Things which are 'double of ifaii 6ame,' are equal lb 
one another. . 

7. Things which are halves of the same, ai^. equal to 
one another. i 

8. Magnitudes which coincide with one another, that is^ 
which eiiactiy fill the same splace, are equal to one another. 

^. The whole is greater than its part. ■ - 

10. Two straight lines cannot inclose a «pace. 

II. All right angles are equal. 
12. .If a straight line meets two straight lines so as to 

make the two iilterior angles on the sam^ side of it taken 
together, lesj? i^tn two right angles, these s^traight lines be- 
ing continually produced, shall Ibt length ^et upon that 
side upoii which are the angles which are less than twa 
right angles. ^ . * 

The last of these hasiJieto added by Euclid's Comment 
tators. 

The 'two methods differ in this. Euclid never supposes 

* a line to be .drawn, until he has first demonstrated the pfos- 

' ^ sibility and pointed out th^ manner of drawing it. But in 

three cases the posgjjbility cannot be demonstrated, because 

it is self-evident * These cases are called postvkUeSj^ and 

are the following : 

1. Let'it be granted that a straight line may be drawn 
from any one point to any other point. 

2. Let it be granted that a terminated straight line may 
be produced to any length in a straight line. 

V < , 3. Let it be granted that a circle may be des(^ribed from 

! . aoy centre, at any distance from that centre. 

The moderns, as Legendre, for example^ ar^ not thus 
scrupulous; but constantly suppose lines to be drawn, 
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idthout demopstra&Qg the possibilily or explaining iSxe 
manner. * *. ' • , . . ' 

Lastly, tfa^ two methods (Bffer in this. The. modems 
avail themselves of iftU the idd which Algfebra can afford 
them. Th6f ancients were unacquainted with Algebra. 
Accordingly Euclid was obliged to demonfltrale the laws 
of proportion ^eofne^nco^* Whereas in modem systems, 
t^ese Taws are supposed to have been previously dem(>n-i' 
strated by the help of. Algebra. The tnodems dso derive 
great advantage, in every part of geometry, from tilie yse of 
^Igebraic signs and symbols. .- The ancient Reasonings, for 
want of these, w^e^endered exceedin^y .cumbrous and ^ 
circuitous. . , ' ^^ , * ' *• • 

These are some of the general distincfions. Butihe stu- 
ident- who would be able to estimate the coniparative merits 
of the two systcfms, mmi es^jueaine both for himself. 
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SECTION FIRST. 

Of Lines and their Relationsi 

1. The dtudy of geometry properly begins with the 
consideration of a pointy this being the first and simplest 
geometrical idea. If you^were required to make a point 
with a pencil upon paper, you would merely place the 
sharpened end upon the paper, without moving it in any 
direction. If the pencil be as sharp as possible, this is the 
nearest approach yoit can maie to a geometrical point, 
which is defined to be — position merelyy mithotU any magmr 
iude — . But as you cannot represent to the eya that which 
has absolutely no extension, it is su^iently near the truth 
to call a point — that which has an infinUel^ small extension — . 
By infinitely s^all, we mean for t&e present, the smallest 
that can ppssibly be conceived. 

2. A point is the beginning and end of a line : for if 
you were required to make a line you would begin by 
placing the point of your pencil upon the piaper ; you would 
proceed to move it along the. surface of the paper ; and you 
would end "by ceasing, to move it. Here you make one 
point by placing the penx^il ; you make a line by moving 
It; and you make another point where you cease to movi 
it. Accordingly we say — a Une is the path described by the 
motion of a point — ; .and — the boundaries qf a line are 
points — . It is evident that if the describing point had no 
extension, the line would only have that which it acquires 
from die motion, namely lengthy without any breadth or 
thickness. But as such a line could not be represented to 
the eye, it is sufficiently near the truth to say — a line ha9 
iengthj tdth only an infinUely small breadth and thickness — . 

3. You are next to form an ideaof as^rat^^^ line. This 

1 



a , . ^ ELEMENTS 6P OEOME*niy. 

^ will be easy if you consider how you would proceed to 
make one. Your single endeavour would be to move the 
peneil throughout in one and the same .direction. Accord- 
S > ingly we define a straight line to be — the path described by 
anoint moving only in one directum — . Thus if the pencil 
\ F 1 be placed at A (fig. 1 ) and if it move only in one single 
I direction till it reaches B, the line A B is a straight line. 

' F 1 4. If jou were standing at a point A (fig. 1), and were 
f required to run to the point B in the shortest possible time, 

i would you keep always in the straight line A B, or would 

you deviate from it ? You answer without a moment of 
hesitation, that you would keep iit (he- straight line be- 
*' tween the two points. Why ? Because if you were to de- 
part from it you would* be obliged to retun^ to it before 
you could reach B, since B is situated in it ; and you 
would thus lose time. .This is the only reason you could 
give ; for if you were further asked why you woiild lose 
time by departing and returning, you could give.no other 
reason for your belief than that the thing is self evident, 
or no one can doubt it, o|. let any one make the trial and 
he will find it so. Here then we have a proposition — a 
straight line is the shortest distance between two points — the 
truth of which every one believes instantaneously, and 
which no reasoning can render more evident than the mere 
. statement or enunciation of it. Such a proposition is 

I called an axioms which is defined to be — a proposition the 

truth of which is self evideni — . 

5. The question now arises how you can be sure, when 

attempting to make a straight line, that the describing 

point does not change its direction ? We answer that in 

practice this assurance h obtained by moving the pencil 

along the edge of au instrument called a ndey which is 

, already ascertained to be straight The rule is ascertain- 

td to be straight, by taking sights as it is called, upon its ^ 

edge, it being a fundamental principle in optics that the 

rays of light move in straight lines. 

TlO 0. If a single point be given as A (fig 10) it is obvious 

that any number of straight lines may be drawn through it 

as in the figure, for the rule may be placed so as to have 

the point A coincide with its edge, and may then be turned 

round so as to have ever so many different positions, the 

point A still coinciding with its edge. Hence we say — one 

point does not detemnne the position of a straight line — .But 

L F 1 if there be two points given as A and B (fig. 1) it is obvi- 
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ous that oBly one straight line can be drawn between or 
through them. Why? We might say because there can 
be but one shortest distance between two points. Or we ^ 
might say becaui^e if the rule were sn placed as to have 
the two points coincide with its edge, it could not Bfe 
moved from this position without leaving one or both the 
points out of its edge. But neither of these reasons adds 
any force to our first belief. Hence it is received as an 
axiom, arising from the nature of a straight line, that — enly 
one straight line can be drawn between or through twQ 
points — or in other %vords — two points determine the position 
of a straight line — . 

7. We shall now explain the ni^thod of measuring and 
<^omparing straiglit lines. They are. measured, like all 
other quantities, by taking some known quantity of the 
same kind as a standard, and seeking how often it is con- 
tained in them. Thus the standard by which we measure 

a straight line, must' be a straight line of a known lengthy . 
as an inch, a foot, a yard, etc. This standard, whatever it 
be, is called, a linear ufiif, and T#e have the measure of a 
$traight line when we know the number of linear units it 
contains. Thus if we take an inch for the linear unit, and 
if we find it is contained 9 times in a given line as A B 
^fig. 1), we say the measufe^)f A B is 9 inches. Since F 1 
tneu the value of straight lines can be expressed in abstract 
numbers, and since abstract numbers are the object of 
arithmetic, it is obvious that the fundamental operations of 
arithmetic may be performed upon lines. This is called 
the application of arithmetic to geometry. , Moreover since 
algebra is nothing more than general arithmetic, it follows 
that algebra. as well as arithmetic may be applied to 
geometry. 

8. It often becomes desirable to compare two straight 
lines, for the purpose of ascertaining how many times one 
is greater than the other. This is called finding their 
ratio. In order to do this, we must take for a common 
measwej a linear unit which is contained an exact num- 
ber of times in each of the lines. When no such linear 
unit is known, as is frequently the case, the process for 
finding it is the same as that in arithmetic, for finding the 
greatest common measure of two numbers. Suppose the 
two lines to be compared are A B and C D (fig. 2). We F 2 
propose — to find thdr greatest common measure^ and then 
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? eipresi ihek ratio in numbers — . A proposition of this kind 

' is called a problem^ which may he defined to he — an ope* 

ration proposed to be performed — . The perfonnance of the 
- ' operation is called the solution of the problem, in solving 

the problem before us, we first seek whether C D is con- 
tained an exact number of times in A B. If it were con- 
tained exactly 3 times for example, we should have their 
ratio at once, namely 3 to 1. That is A B would be 3 
times as great as C D. But we find upon trial that C D 
is contained in A B twice and E B over. Therefore C D 
. is not a common measure. We next apply £ B to C D 
and find that it is contained once and F D over. Therefore 
£ B is not a common measure. We next take F D and 
apply it to E B. it is contained once and G B over. 
Therefore F D is not the common measure. This procesr 
of applying the last remainder to the preceding must be 
continued as long as there is a r^smainder* If no such 
limit is attainable, the lines are said to be incommensurable. 
If this limit can be attained, the line last applied is the* 
greatest common measure. Thus if G B. is contained 
exactly twice in F D, G B is the common measure sought. 
The ratio is then expressed as follows. G B, the linear 
unit, is 1. Then, since it is contained twice in F D, F 
D=2. ButE B=E G+G B=F D-fG B=2+l=3. 
Again C D=C F+F D=E B+F D=3+2=5. Lastly 
A B=A E+E B=2 C D+E B=10+3=13. Accord- 
ingly the ratio of A. B. to C. D« is that of 13 to 5 ; that 

is A B is ?| of C D, or C D is f^ of A B- 

9. If a line be not straight, it must be because the de- 
scribing point has changed its direction once or more. 
When these changes of direction do not take place so often 
as to prevent your perceiving the intervals A B, B C, C 

F 3 '^ (.^S- 3) between any two successive changes, the line^ 
which is made up of straight lines, is called a broken or 
polygonal line. 

10. When the direction changes so often that you can- 
not perceive the intervals between the successive changes, 

p 4 as in A B (fig. 4), the line thus described is caHed & 
curved line. In this case though you cannot actually per- 
ceive the intervals between which there is no change, yet 
this does not hinder your conceiving that there are such 
intervals. Indeed there must be such intervals from tha 
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very nature of the motion, but the^ ehanges are so frequent 
that they are infinitely small. We shall therefore define 
a curved line to be — a line made vp of infinitely small straight 
lines—:. This is the best idea you can form.of a curved 
line, for you thus make a straight line the unit or elemeati 
of all lines, a principle vrhich will be found to be of great 
utility hereafter, when we come to compare curved and 
straight lines. 

The Garde 0,nd its Pmts. 

11. There is one curved line, \fhlch,. both on account 
of its simplicity aad importance, is more remarkable than 
any other, namely, the drcumfer'ence of a circle* Suppose 
the straight line A B (fig. 5),, having the point A fixed, to F S 
turn as upon a pivot aj)out this point, till, having perform* 
ed a complete rotation, it returns to its first position. We 
must here remark that the surface of the paper represents 
a plane which is defined to be — p surface in which any two 
points being taken^ the straight Une joining these points^ lies 
wholly in that surface — . Now in the above construdtion 
the describing line A B is supposed to remain always in 
the same plane represented by the surface of the paper, 
understanding for the jpresent by the word surface — that ' 
which has length and breadth without thickness-—. We shall 
treat more particularly of surfaces in the next section. 
These things being premised, we call the path described 
by the point B the circumference of a circle, which we 
define to be — a curved line all the points of which are equally 
distant from a point vnthin ccMed the centre — . The whole 
space enclosed is called a circle^ thd. moving line A B a 
radiuSj and the fixed point A the centre. The radius is 
thie same in every position, or as it is commonly express- 
ed — all radii of the same circle are ^eqwd. A line drawn 
through the centre till it meets the circumference each 
way, is called a dtame/er. Therefore — a diameter is equal 
to twice the radius^ and all diameters of the same circle arti 
equal — • When we wish to speak of any portion of the 
circumference as G B, we call it an arc, and the straight 
line G B joining its extremities is called a chord. The 
pc^on of space comprehended between ah arc G B and 
its chord is called a segment. The portion of space £ A 
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B comprehended between the two radii E A^ A B, and 
the arc £ B is called a sector. 

12. -^Every diameter bisects the circle and its circumfe* 
fence — . To bisect is to divide into two equal parts. A 
proposition like the above is called a theorem^ which is 
defined to be — a proposition the truth of which is to be c2e- 
monstrated by a process of reasoning — . To enunciaie a 
proposition is to state it in words. We proceed to demon- 
strate the proposition above enunciated. Let the two por- 
tions of the circle D E B, D G B above and below the di- 
ameter D B, be folded one upon the other, so that the 
folded edge shall coindde with the diameter. The two 
portions of the circumference will exactly coincide with 
each other ; for if they did not, there would be points in 
them unequally distant from the centre, which would be 
contrary to the definition of a circle. — If the two portions 
coincide or fill the same spaee^ they are equal — . This is an 
axiom. Therefore the diameter bisects the circle and its 
circumference, which was to be demonstrated. Each por- 
tion of the circumference cut off by the diameter is called 
a semidrcimferencey and each portion of the circle is called 
a semicircle. 

13. — h the same circle or in equal circles, if two arcs are 
equaly their chords toill he equal^ and conversely if two chords 
are equal their arcs will be equal — . This proposition, 
which is one of great consequence, is demonstrated in a 
manner similar to the preceding, that is by superposition as 
it is called. Let the arc D F be supposed equal to D G 

P 6 (fig. 6). Then if the lower portion of the figure be folded 
upon the upper as before, the arcs D G and D F coincid- 
ing, the point G will£ftll upon the point F, and the chords 
D G and D F having two points D and F common must 
coincide throughout, since only one straight line can be 
drawn between two points (6). Therefore if the two arcs 
are equal, their chords ' are equal. We are now to prove 
the converse, naihely if two chords as D G and D F are 
equal, their arcs are equal. If the chord D G be applied 
to D F, as they are by hypothesis or supposition equals the 
point G must fall upon F. Then the arcs D G and D F, 
l^elonging to ike same circle and having two points com- 
jJKion^ must have all their points common, since thisy must 
jdl be equally distant from the centre by the definition. 
Therefore if tm chords are equal their arci are equal. 
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14. We are now prepwred4o solve the following pro- 
blem — having any arc given to make another equal to U — • 
But it will be proper fiitt to remark that the ins^ment 
used in making arcs and measuring them is csJled a com^ 
pass or more generally compasses. Being very Qommon 

we shall not describe it. If the arc B C {&g, 6) be given, F 6 
and you wish to make another as D F ^qual to it, you first 
describe an indefinite arc D F with the same radius as that 
of B C, because they must belong to the same circle. Then 
take the chord B C in the compasses, and placing one foot 
in D move the other round till it cuts D F in F. The * 
arc D F will be equal to B C because their chords are 
equal (13). 

15. It often becomes necessary to compare an arc with 
an entire circumference or with another arc of the same 
circumference. For this purpose every circumference is 
3upposed to be divided into 360 equal , arcs called degrees 
and marked thus (o). For instance 60° is read 60 der 
grees. As 9II circumferences whether great or small, 
are divided into the same number of parts, it follows that 
a degree, which is thus made the unit of arcs, is not a fix- 
ed value, but varies for every difierent circle. It merely 

expresses the ratio of an arc, namely i, to the whole cir- 
cumference of which it is a part, an4 not to any other. 
As we sometimes have occasion for an unit less than a 
degree, each degree is divided into 60 equal parts called 
minutes and marked thus ('). Again each minute is divid- 
ed into 60 equal parts called seconds and marked thus ('Q. 
When extreme minuteness is required the division is some- 
times continued to thirds and fourths, marked thus {'")y 
{''") . As a quarter of a circumference, or, as it is generally 
called, a quadrant contains 90°, and as small numbers are 
more convenient than larger ones, it is usual in practice to 
refir all arcs to a quadrant, instead of an entire circumfe- 
rence. Thus considering a quadrant as unity, we say that a 

desreft is -^ « a minute -r-r— • and a second ■ \ ^ , 

Angles and their Mea$itre. 

16. Two lines A B, A C (fig. 7) which meet each^F 7 
edier, must form an opening B A C of greater or less ex- 
tent This opesdAg B A C is called an angU. The point 
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of meeting A. is called the vertex of the angle, and the 

straight lines A B, A C are called sides. The best way 

to obtain a definite idea of an angle is to suppose the line 

A B at first to coincide with A C, and then to turn about 

the fixed point A in the manner of a radius (11) till it 

reaches its present position. Then we define an angle to 

be — the quantity by which a straight linej turning about one 

of its points J has departed from coincidence with another 

straight line — • To designate an angle, we make use of 

three letters as B A C, that at the vertex being in the 

• middle. This is necessary when there are several angles 

F 5 formed at the same vertex, as at A (fig. 5). But if there 

F 7 be only one as at A (fig. 7), a single letter is sufficient to 

designate it 

17. The question now arises, how are angles to be 
measured and compared ? It is evident that their magnitude 
does not depend at ail upon the length of their sides, for 

F 7 the angle A (fig. 7) is the same, according to the defini- 
tion, whether we consider A D, A B, or A B produced, 
as the moving side. Now the measure of an angle must 
be some known magnitude which increases and diminishes 
simultaneously with the angle itself. Where shall we 
find such a magnitude ? We answer the definition itself 
suggests one. For while the line A B moves as a radius 
about the fixed point A, every point in the line A B de- 
scribes an arc of a circle ; and since the arcs and the angle 
are formed by one and the same motion, beginning, in- 
creasing, and ending simultaneously, we have in the arcs 
thus formed, every property included in the idea of a 
measure. Accordingly we say that — angles are measured 
and compared by means of the arcs described from their oer- 
iices and centres — . If for example we wish to make an 
angle equal to a given angle, it is only necessary to make 
the arc which measures it equal to that which measures 
the given angle. But here it is to be observed that the 
two arcs must be described with the same radius ; other- 
wise we could not make them equal by making their chords 
equal C14), nor would the degrees by which the arcs are 
measured, have the same value (15). The student will 
now understand why the value of angles as well as arcs is 
expressed in degrees, thinutes, &e. 

18. For the sake of illukrating what has now been said, 
we shall solve the following problem — to make an angle 
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equal to a ghen angle — . Let the- given angle be A (fig. 
6) I and let the yertex of the required angle be D. JUraw T % 
the straight line D F indefinitely. Then with the centre . 
A and any conyenient radius, describe the arc B C. Again 
with the centre D and the same radius (17), describe the 
arc F £, which is to be made equal to B C by the method 
shown before (14). We have now two points D and E, * 

through which the remaining sid^ of the required angle is 
to pass. These determine its position (6). Draw D £,. 
and the angle D will be equal to A, because the arcs 
which measure them are equal by constnictvon. But this 
problem, as well as many others of a similar nature, is more 
readily solved in practice, by meaa^s of a small metallic 
semicircle called 2^ protractor ^ which is accurately graduated, 
that is divided into degrees, and which is usually found in 
cases of mathematical instruments. If, for example, we 
wish to make an angle D (fig. 8) equal to 40^^, we apply F 8 
the diameter of the protractor to the straight line D F, so 
as to make the notch marking the centre fall exactly at 
the point D intended for the vertex ; then we have only 
to seek the number 40, mark the pointy and draw the other 
tide through the vertex and this point. 

19. Angles are denominated, according to their magni- 
tude, right angles^ acute angles^ ttnd obtuse angles^ When 

the moving line A B (fig. 9), has reached that position, in F 9 
which the two adjacent angles BAG and BAD are 
equal to each other, these are called right angles. * In this 
case A B is said to be perpendicular to C D ; so that to say 
a line is perpendicular to another, and to say a line makes 
a right angle with another, are the same thing. If the 
moving line has not reached &e position of A B, the angle 
is called an acute angle^ as £ A G. If it has passed beyond 
A B, the angle is called an obtuse angle^ as F A G. In ' 
each case, one of the lines is said to be oblique with respect 
to the other. Thus A £ and A F are oblique with respect 
to A C. The substance of what is said above may be ex- 
pressed by the following definitions — A right angle is when 
one straight line meets another so as to make the two adjacent 
angles equal — • An acute angle is less than a right angle — • 
An obtuse angle is greater than a right angle — . 

20. It follows from the definition that — a right angle has 
for Us measure a quadrant or 90"^ — . For as the adjacent 
angles D A G, D A B (fig. 10) are equal, and as both are F 10 
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I measured by a Bemicircomference or 180^, it follows that 

one of them, as D A C, mast have for it^ measure half a 
« semicircumference, that is a quadrant or 90^. Moreover 
— the sum of aU the angles whidi can be formed ahoui a given 
pwit are equal to four right angles — because they all have 
for their measure an entire circumference or 360^« Thus 

F 10 all the angles formed about the point A (fig. 10) are equal 
to 4 right angles. Aga|n — all the angles formed about a 
given point on one side of a line are equal to two righi an' 
gles — ^for they have for their measure a semicircumference 
or 180^. Thus all the angles whether two or more, form- 
ed at the point A on one side of the line B C, are equal to 
two right angles. 

21. Since, from what has just been shown, the adjacent 
angles formed by one straight line meeting another 
B A I+I A Ca2 right angles, B A I must be just 
as much greater than a right angle, as I A C is less. In 
this case« each is said to be a supplement of the other. 
Hence — the supplement of an angle is what that angle wants 
of 2 right angles or 180® — . Thus B A I is the supplement 
of I A C, and I A G is the supplement of B A L When 
the sum of two angles, as D A F+F A B=sa right angle, 
each is said to be a complement of the other. Hence-— f/ke 
complement of an angle is what that angle wants of a right 
angle or 90®. — Thus B A F is the complement of F A 
D, and F A D is the complement of B A F. As we have 
just seen tlHit all right angles have the same measure, we 
say — cdl right angles are equal — . Then from the definition 
of supplements . and complements, we say — eqttal angles 
haoe equal supplements and the converse — ; also— e^tfol anr 
gles haoe equal complements and the converse — • 

Fll 22. When two straight lines as*A B, G D (fig. 11) cross 
each other, the angles which are opposite to each other at 
the vertex are called vertical angles. Thus G E A and 
BED, also G E B and A E D are vertical angles. Then 
^ the following proposition — all vertical angles are equal — 
may be easily demonstrated. . For A E Gs=B G D because 
both have the same supplement G E B (21). Also G E 
B=A E D because they have the same supplement B E 
D. The same reasoning will apply to all cases, therefore 
all verticaLangles are equal. 

23. — If a perpendicular be erected upon the middle of a 
straight line^ ecery point in tfie perpendicular is equally dis- 

P 12 tant from the extremities of that line--^^ Let A B (fig. 12) 
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be thelioe, D the middle of it, and C D the perpendicular. 
We are to prove that every point in C D is equally distant 
from A and B. In the first place D is equally distant by 
hypothesisy that, is by the conditions of the proposition. 
Now take any other point at pleasure as C, and draw C 
A and C B. We say C A=C B. For let the figure C 
D A be folded upon C D B so that the folded edge shall 
coincide witbC D. Then since the angle C D AssC D 
B, being right angles, the line D A will fall upon D B'; 
and since they are by hypothesis of the same length, the 
point A will fall upon B. Therefore, sincere A and C B 
have the two points C and B common, they must coincide 
(6) and are equal. € then is equally distant from A and 
B ; and since C was taken at pleasure^ that is, any where 
in the perpendicular, the same is true of every other point, 
and the proposition is demonstrated. 

24. The last proposition leads to several important 
practical results. Since it is the property of a perpendicu- 
lar drawn to the middle of a straight line, th^t all the points 
in it are equally distant from the extremities of that line, 
and since two points are sufficient to determine the posi- 
tion of a straight line, we conclude that a perpendicular 
may be drawn to the middle of a line, by finding two 
points equally distant from the- extreinities of that line. 
We propose then to solve the following problem — to erect 
a perpendicular at a given point in a strai^ line-—-. Let A 

B (fig. 13) be the given line and C the given pmibt Place F 13 
one foot of the compasses in C and fix two points A and 
B at equal distances from C. Then with A as a centre and 
any radius greater than A C, make an arc D, and with B . 
as a centre and the same radius, make another are cutting 
the first in D. The point D thus fixed, is equally distant 
from A and B. The point C was made so at first There- 
fore the line D C f s the perpendicular required. 

25. — FVom a given point without a straight Une^ to lei . 
fall a perpendicular to tJmt line — . Let A (fig. 14) be the F 14 
given point and B C the given line. With A as a centre 
and any radius greater than the shortest distance from A 

to the line B C, make an are cutting B C in two points B 
and C. A is equally distant from these two points. Then 
find another point D, as in the preceding, problem, which 
18 equally distant from B and C. The straight line drawn 
through A and D (23) is the perpeii^eular leqttired* 
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26. — To biiect a given straight liney or to find the middk 
F 15 of U-^. Let A B (fig. 15) be the given line. By the 
method before described (24) fix two points C and D at 
equal distances from the extremities A and B. Then 
draw the straight line C D and it will be perpendicular to 
the middle of A B (23), Therefore the point £ is in the 
middle of A B. , 

JF 16 27. — To bisect a given arc or angle — . Let A (fig, 16) 
be this angle. With the centre A and any radius, make 
k an arc B C to measure this angle. Draw the chord B C. 
A is equally distant from B and C. Fix another point 
D equally distant from B and C, and draw AD. A D is 
perpendicular to the middle of B G (23). Therefore E, 
one of its points, is equally distant from B and C, and the 
. chord E B=the chord E C. Then (13) the arc B 
. E^the arc E C, that is, the arc B C is bisected at E. 
Also the angle A is bisected, for B A E=E A C, having 
the same measure. 

28. — If a perpendictdar be erected upon the middle of a. 
chordf it wiU pass through the middle of the arCy and through 
the centre of the circle to which the arc belongs — . The 
truth of this proposition is evident from the preceding con- 

F 16 struction. AD (fig. 16) is perpendicular to the middle 
of B C, it passes through the centre A, and it bisects the 
arc BO. It is moreover evident that no line can be per- 
pendicular to the middle of B C which does not pass 
through A ; for if there were such a line, it would diflfer 
from A F, and then the angle which it would make with 
F C, would be either greater or less than a right angle, 
which would contradict the supposition of its being per- 
pendicular. Hence the proposition enunciated must be 
universally true. 

29. The preceding proposition being admitted, we can 
solve the following problem — to find the centre of a given 
arc or circumferencej or of one which shall pass through any 
three points not in the same straight line — . Let the circum- 

Fl7ference A D C B (fig. 17), or any portion of it be given. 
In order to find the centre, take any three points A, D, C 
and join them by the chords A D, D C. Erect a perpen- 
dicular upon the middle of A D and it will pass through 
the centre (28). Erect another upon the middle of D G 
and it must also pass through the centre. But a point 
which is in two lines at once must be at their intersection 
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Therefore E is the ceatre sought. If we had any three 
poiQts giiren, as A, D, C, not in the same straight line, the s 

process for finding the centre of the circumference passing 
through them, would he the same ; for the point E thus 
found, is equally distant from the three points in question 
(23), and therefore the circumference described with the 
centre E so as to pass through one, must pass through the 
other two. Moreover as the above construction is inde- 
pendent of any particular situation of the three points A, , 
D, C, it is possible so long as these points can be joined ' 
by two straight lines, which can be made two chords of a -• 

circle, since all that is necessary is to bisect these two chords 
by perpendiculars. But if the three points were in the • 
same straight line, there would be no longer two straight 
lines joining them, but only one, and the construction 
would be manifestly impossible. 

30. ■<r-A perpendiadar measwres the shortest distmce of a ' 
point from a linf — . Let A (fig. 18) be the point in ques-Fld 
tion, and B E the line. We say that the perpendicular A 

D is shorter than any oblique line as A 0. This, as well 
as the following proposition, is very nearly self evident^ 
buf it is usual to give a demonstration of them. With A 
as a centre and a radius A C, make the arc C F, and pro- 
duce it till it cuts C E in E. Now it is evident from the 
definitions of a curve and a straight line' (3, 10), that the 
chord C E can never coincide with the arc C F E, so long 
as C E is of any perceptible magnitude, that is so long as 
C is taken at any appreciable distance from D. But so 
long as these do not coindde, A D will be less than A F, 
and therefore less than its equal A C. Accordingly the 
perpendicular A D is shorter than any oblique line, A C, 
however near to D the point C be taken. 

31. — Two oblique lines drawn equally distant from the 
perpendicular are eqwdy and of two oblique lines drawn tine- 
quaUy distant^ the more remote is the greater — . First let A 

C and A E (tig. 18) be drawn at equal distances from A F IS 
D. We say they are equal. By the supposition A D is 
perpendicular to the middle of C E. Therefore (23) the 
point A is equally distant from C and E ; in other words 
A C=A E which was first to be demonstrated. Again let 
A B be more remote from the perpendicular than A C. We 
say that A B is greater than A 0. Let A B be supposed 
to turn about A as a centre till it coincides in direetioQ with 
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A C. The point B will describe the arc B G, and this are 
will always differ from the straight line B G so long as B 
is of any perceptible magnitude. Accordingly A will 
be less than A G, and therefore less than its equal A B. 
Or, as the proposition was enunciated, A B will be greater 
than A C, so long as it is more remote, by however small ' 
ft quantity, from A D. 

32. — Tliere can be ofdy one perpendicalar let fall fr<m a 
paint to a straight liney and there can be only one perpemUeit' 
kxr erected at a point in a line — . The first part of this pro- 
position is true, because there can be but one shortest dis- 
tance from a point to a line. The 4second part is true, be- 
cause all right angles are equal, which would not be the 
case if all perpendiculars erected at the same point did not 
coincide and actually form but one perpendicular^ > ^. 

ParaUel Lines. ♦ 

f 19 33. When two straight lines as K B and C D (fig?.19), 
are so drawn as to be throughout at the same di^k^ee^ 
from each other, they are said to be paraUeh But W^l^ye 
already shown (30) that the shortest distance of a point Worn 
a line is measured by a perpendicular. Thus the shortest 
distance of the point L from the line D is the perpen[4<c- 
ular L M, and the same is true with respect to any otUer 
point Accordin^y we shall assume the following defini- 
tion as the basis of our reasoning upon parallel lines — tvoo 
straight Unes are parallel tohen all the perpendiculars let fall 
from points in one to the othery are equal — . It follows as an 
immediate consequence from this definition, that — two par^ 
aUel straight lines, can never meet each other^fiowever far pro- 
duced — for if ^ey have any distance at first, they must al- 
ways have it The last proposition is called a coroUary^ 
which may be defined to be — a proposition which follows 
immediately as a consequence from a preceding proposition — . 
:F20 34. If two parallel straight lines, as A B and D (fig. 
20), are cut by a third straight line E F, the angles thus 
formed are known by particular names, which it is important 
* to remember. The angles A H G and H G D, when nam- 
ed together, are called ^temate-intemal angles^ because they 
are on opposite sides of the single line E F and within 
tbe paralleb A B and C D. Again the angles F' 
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H B and Q G D are e^Wedmtemal'^emal an^Ze^^ becau9e 
•one is within and the otkeri^ithout the parallels, and both 
are on the same; side of the single line. For the same 
reason A H G ami C G E are internal^ei^ternal angles. 
These explanations being kept in view, wc proceed to 
demonstrate the following proposition— tioa alterncUe-inter' 
ml angles are always equf^ly and two internbl-extemal angles 
ure (dways equal^: ]^' are first to proTe<that iV. H G is 
e(|aal to H G ii)f^ Frdm,**H,let fall 4be perpendicular H 
L to C D. PromG let fall the perpendicular G M to A 
B. By the definition (33) G ]\1=H L. Pr-oduce H L 
making L K=:H L.. l^roduce G M jnaking M.IssGML 
Then H K=aG T. lifoif cover C D i% perpendicular to the 
. middle of H K, and A B is perpendicular to the middle of 
G I. Therefore5Af with the centr^^H and radius H G 
an arc G I be described, this arc t^\11 be bisected at O 
(28). Also if with the centre G and the same radius G 
H, the arc H N K be described, this arc will be bisected 
at N. Now as the chord H K= the chord G I, the arc 
H N K= the a4r<?*Gfc I (13) ; and since these are bisect* 
ed at N and O, it follows that the arc H N=! the arc G 
O. But the arc H N measures the angle H G D, and the 
arc G O measures the angle A H G. Therefore A H 
G=sHJuG*£y|which was the first thing to be demonstrated. 
And it t^nlj^imains to prove that F H B^H G D. J^ow 
F H B=A H G because. they are verticST (22). But we 
have .just proved that A H G=H G D. Consequently J* 
H B=sH G D ; for it is an axiom that — fwa thingsy each of 
which is equal to a thirds are equal to each other — , I 

35. If two parallel straight lines A B and C D (fig. 21) F21 
meet a third straight line G H, tlj^e two angles A I K! and 

K I are called interior on the stme ^de^ l^cause they are 
within the parallels and on the sam% side or the single line. 
For the same reason L I K and I K M are called interior 
on the same side. We shall now demonstrate the follow- 
ing proposition — the sum of two interior angles on the same . 
side is always equal to two right angles— u We are to prove 
that A I K+I K C=2 right angles. Now A I G+A I ' ' 
K=2 right angles (20). But A I G=I K C lieitfg inter- 
x)tal-external angles (34). Therefore, substituting I K C 
in the place of its equal A I G, we h,five A I K+I K 
C=2 right angles, which was to be demonstrated. ^ 

36. — // a straight Hne is perpendicular to one pj two 
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pnralleh it is also perpendicular to thfi other , an4 if ttoo lines 
are perperidicular to a third they are parcdlel — . First we 

V2l say that if E F is perpendicular to A B (fig. 21)* it is also 
perpendicular to C D. We here take it for granted that 
A L M is a right angle, and we are to show that L M G 
.' is also a right *ngle. Now A L M+L M C=2 right an- 
gles, being interior on the same side (35) . Then if frofp 2 
right angles we take 1 right angle A L M, there must 
' renoain a right angle L M C. Hence E F is perpendicular 
to C D, which was the first thing to be demonstrated. 
The second part hardly needs demonstration, but it can 
be demonstrated as follows. If A B and C D are perpen- 
dicular to E F, we say they are parallel. For if A B is 
not parallel to C D, there can be a line drawn through L 
difierent from A B, which shall be parallel to C D. But 
then if it differ from A B, it cannot make an angle A L 
M, which added to L M C, shall make the two interior 
angles on the same side equal to two right angles (3^. 
Therefore no line different from A B can be parallel to C 
D, and A B itself must be parallel to G D. 

37. We.are no'AV prepared to solve the following pro- 
blem — through, a given point to draw a straight line paraUet 
ta a given straight line — . Let A B be the given line and 

F22 C the given point (fig. 22). With C as a c^re and any 
convenient radius as C D, make an indefinfR ar6 D'F. 
With D as a centre and the same radius make the arc C 
G. Then make the arc D F=C G (14). Through C 
and the point F thus determined, draw C F and it will be 
the parallel required. For if C D be drawn, the angle A 
D C= the angle D C F, because their arcs are equal (18). 
Now we have proved (34) that if A B and C F were 
parallel, ADC woifld be equal to D C F being alternate- 
internal ; and since no line difierent from C F could make 
D C F=A D C, we conclude that C F, which fulfils this 
condition, must be the parallel required. 
, 38. — 7\oo parallels comprehended between two other 

F2^pttrallel$ are equal—. Let A B and C D (fig. 23) be two 
• 'parallels and E F and G H two parallels drawn between 
them. We wish to prove that E F=G H. If they are 
perpendicular to the other two, this is evident from the 
definition (33). But suppose they are oblique. Still we 
say that E F=G H. For since F I=H B by definition, 
F I may be placed upon H B. Then eince E I F==G B 



r 



—I -T ■ 



-'1 



ELEMENTS OF GEOMETRY* ., 17 

H being right angles, tlie point E must fall somewhere in . 
G B. Again since E F I=G H B being complements of ^^ • 
equal angles (21), the point E must fail somewhere in H G. * 
54ow since E is to be at the same time in B G and H G, 
' it must be at their intersection G. Hence E F=G H. 
Before leaving this proposition, we will observe that it ex- 
plains the nature of an instrument, by which parallel lines 
are drawn with much greater facility than by the pro- 
cess described in the preceding article. Let A B Vnd C 
D represent two parallel pieces of wood, and E F and G 
H two parallel cross-pieces. The cross-pieces are connect- 
ed with the parallels by pivots at each of their extremities 
E, F, G, H. Then by varying the obliquity of the cross- 
pieces, the distance between the two parallels may be 
varied at pleasure, without destroying their par;|llel- 
ism. 

39. — T\oo angles which have their sides parallel and di- 
rc^ed the same way^ are equal — . Let the two angles be E D 

F and B A C (fig. 24). Produce E D to G. Since B A F24 
and E G are parallel, the angle B A C=E G C (34). Again 
since D F and A C are parallel, the angle E D P=E G C. 
Therefore B A C=E D F, each being equal to E G C. 

40. If a line EF (fig. 25) touches the circumference F 25 
of a circle only in one point I, it is called a tangent. We 
draw a tangent to any pointy by making it perpendicular to 

the extremity of the radius at that point. For since every 
line G K drawn to m point different from I, would be an 
oblique Hoe, and therefore greater than the radius G I, it 
follows that I is the only point common to the straight lioQ 
and the curve. But if a straight line cuts the circumfer- 
ence in two points, as C D or A B, it is then called a 
secant. These definitions being kept in mnd, we proceed « 
to demonstrate the following proposition — two parallelsy 
whether tangents or secants^ intercept upon the circuaiference 
eqiial arcs — . We shall first take the case of two secants. 
We say then that the arc L M=N 0. For bisect 
the chord M by the perpendicular G H, and . 
you bisect also its arc MHO (28). Therefore M 
H=H 0. Again G H is also perpendicular to L N (36), 
and passes through the middle of it ; for if it did not, a 
perpendicular might be erected at the middle of L N, 
which would pass through the centre G (28), and then 
we should have two perpendiculars drawn from the same 
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point to the same straight line, which is impossihle (32). 
' , Therefore G H is perpendicular to the middle of the chord 
L N and bisects its arc, so that L H=:H N. Now it is an 
axiom that — if equals be taken from equals^ their remainders 
are equals. HenceMH— LH=HO— HN orLM:^N • 
0. Take now the case where one of the parallels is a tan- 
gent and the other a secant, as C D and E F. We say 
Uiat Ml 1=0 I ; for they are what remain after taking from .^ 
the equal semicircumferences H M I and HOI, the equal 
arcs H M and H 0. Lastly if both the parallels were 
tangents, the arcs in question would be semicircumferences^ 
and therefore equal. 

41. — An angle which has its vertex in the drcumference 
of a circley has for its measure half the arc intercepted between 
iis Mes — . If an angle has its vertex in the circumference, 
it must either be formed by a tangent and a chord, as B 
F26 A C (fig. 26), or it must be formed by two chords, as B 
A I. We shall demonstrate that the proposition aboVe 
enunciated is true in both cases. First we say that the 
angle BAG formed by a tangent and a chord, has for its 
measure half the arc B G A. Draw the diameter D E 
^rallel to B A, and the diameter F jGr parallel to A C. The 
angle B A C=D H G (39). Therefore BAG has for 
its measure an arc equal to D G. It only remains, then, 
to jHTOve that D G==half of B G A the intercepted arc. 
Now if D G be taken from B G A, we have remaining B 
D+A G. But B D+A G=F E, sinte B D=A E (40), 
A G=A F, and A E+A P=F E. Moreover F E=D 
G, since they measure vertical angles. Therefore B D +A 
G»D G, and D G is half of B G A. But D G measures 
BAG. Therefore B A C is measured by half of B G A, 
' that is by half the arc comprehended between its sides. 
, We are next to show that B A I, formed by two chords, 
has for its measure half of B I. Now B A I is the diffe- 
rence between I A C and BAG, and must therefore liave 
for its measure the difference between their measures, that 

• is, the difference between half of I G A and half of B G A^ 
which is half of B I. 

7 '42. If an angle be formed by two chords, as A C B v 
]F27(fig. 27), it is called an inscribed angle. We conclude^ 
uien, as a corollary from the preceding proposition, 
liia^--^ angles inscnbed in the same segment^ are equal — aiid 

• that— 00 angles inscribed in a semiarcmfsrenee are rigU anh . 
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^9.^. Thus the angles A C B, A D B, A G B are equal, ^ 
because they have for their measure half the arc A F B. • 
Also A B F and A E F are equal, being measured by half 
of A F. Again, A B being a diameter, the angles A C B, 
* A D B, A G 8 are rig^t angles, because their measure is 
half the semicircumference A F B, that is a quadrant. 

43. — An anghy whose vertex is between the centre and the 
circumference^ has for its measure half the intercepted arc, plus 
half the arc contained between its sides produced — ; and an 
angle whose vertex is without the circumferencey has for its 
measure half the concave arc intercepted between its sides minus 
half the convex arc — . First we are to prove that BAG 
(fig. 28) has for its measure half of B C+half of H I. P2^ 
Produce B A and C A, and draw K H parallel to B I. 
Then B A C=K H G (39). But K H C has for its meas* 
ure (41) half of (K B+B C). Now since K B=H I 
(40), we have half of (K B-fB C)=half of (H I+B C), 
which was to be proved. In the second place, we are to 
prove that G D E haiyi^ its measure half of G E — half of 

L F, or half of (G MFh ^F). Draw G F parallel to G 
. D. Then G D E==(KE (39). But G F E is measur- 
ed by half of G E. Jfcw since G E=G E— C G=C 
E— L F, half of G E==Bf of (G E— L F), which was to 
be proved. . # 

Triangles, 

44. The least number of straight lines that can enclose 
a space is three. Two make an angle or opening, and a 
third is necessary to close up that opening. Thus B G 
(fig. 29) closes up the opening made by A B and A C. F29 
Such a figure is called a triangle^ from its having three an- 
gles. We shall consider it in the present section merely ' , 
BB^ a figure bounded by lines, without regard to the quanti- 
ty of surface it contains. If the three sides of the triangle 

are equal, it is called equilateral. If only two of the sides 
are equal, it is called isosceles. If no two of the sides 
are equal, it is called scalene. If one of the sides be pro- 
duced, as A C, the angle B C D is called an exterior angle. 
It is important that the properties of triangles be well un- 
derstood, because as we shall see hereafter, all figures 
•bounded by straight Hues may either be divide^Nmto sere* 
f ftl triangles, <Hr reducied to oie equiyalent tpiangle. 
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:* ^ 45. — Every iriangle maybe inscribed in a circle — . A 

triangle is said to be inscribed in a circle when it has its 

, "F So three vertices in the circumference as A B C (fig. 30). 
Now we have already shown (29) in •\vhat manner the 
circumference of a circle may be made t^^^pass through 
any three points not in the same straight Hne. Therefore, . 
since the three vertices of a triangle can never be in the * 
same straight line, it follows that the circumference of a 

I' oircle may be made to pass through them. The triangle 

will then be inscribed. Thus every triangle can be in- 
r j^'ribed in a circle. 

46. — The sum of the three angles of a triangle is always 

F^O equal ta two right angles — . The triangle ABC (fig. 30) 

being inscribed, each of its angles is measured by half the 

arc contained between its sides (41). Thus A is measur- . 

« ed by half the arc B C, B by half the arc AC, and C by 

half the arc A B. But these three arcs make up the whole 

circumference. Therefore the thrfee anglefe have for their 

measure a semicircumference. I^ju:e they must be equal 

to two right angles. aB. 

• 47. — No triangle can have nu^mhan one right angle — . 

This follows as a corollary fronij^p preceding. ^^^£»r if a 

triangle could Bf^ve two right a||^s, the leiiSSiing angle 

would be nothii|j, that is, the sides could. never meet. If 

a triangle has cme right angle, it is called a right-angled 

triangle. But we shall , use the expression rigfk triangle^ 

beingjshorter than the .'other and equally definite. In a 

F34 rifht triangle, as B A (fig. 34^ the side B C opposite to 

**^ tjjpe- right angle, is called the hypothenuse. Moreover, the 

.• '''two acute angles Band C being together equal to a right 

^;*>^ &Qgl6, according to the preceding proposition, we say- 
that — each ofHhe 'acute angles in a right triangle is a comple- 
ment of the olher-=-. 

48. — If two anjfes of one triangle are equal to two angles 
of another^ the remaining angles are equal--. For each'is 
what remains after taking equal sums from two right angles 

' ' or 180°. If, having two angles of a triangle given, we 

wish to find the third, it may be done arithmetically^ by 
adding the degrees in the given angles and then subtract- 
iag their sum from 180° ; or it may be dane geometrically^ 
by taking a semicircumference and cutting off two arcs 
equal to^ose which are used to measure the given angles. 
Then tj^remaining arc will be the measure of the angle 
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required. This is very readily done by means of a pro- 
tractor (18). 

49. — The exterior angle is equal to the sum of the two 
opposite interior angles — . In the triangle ABC {fig. 29), F 29 
B C D is the exterior angle, and A and B are the two op- 
posite interior angles. We say that B U D=A+B. For 

if B fliD be taken from 180% B C A will remain. Also 
if A?F-B be taken from 180°, B C A will remain. Now 
those things which, when taken from the same thing, 
leave equal remainders, must themselves be equal. There- 
fore B C D=sA+B. ^' 

50. — If a triangle is hosceles^ the angles opposite to the 
equal sides are equal — . If the side A B=the side A C 
(fig. 30), we say the angle B=the angle C. For since F 30 
the chords A B and A C are equal, the arcs A B and A C 

are equal. Then half the arc' A B=half the arc AC* 
But these measure the angles B and C. Therefore the 
angle B=the angle C. By similar reasoning we prove 
the converse of this proposition, namely — if two angles of a 
triangle are equals the triangle is- isosceles — . For if the an- 
gles B and C are equal, the arcs A B and ^ C are equal. 
Then the chords A B and A C are equal, and the triangle 
is isosceles. 

51. — If a triangle is equilateral it is equiangular — . If 
the three chords are equal (fig. 30) the three arcs ye ^^JJ^ 
equal. Then their halves, which measure the three an- 
gles must be equal. Consequently the angles themselvfes •* 
must be equal. Conversely — if a triangle is equiangular it 

is equilateral — . If the triangle A B C ife equiangular, the 
three arcs are equal. Then the three chords must be 
equal, and the triangle is equilateral. 

52t —In any triangle the greater side is opposite to the 
greater angle — . If the angle B (fig. 31) is greater than F31 
A, we say that the side A C is greater than the side B C. 
For in this case the arc A C must be greater than the arc 
B C, since half of A C measures a greater angle than half 
of B C. But then the chord A C must be greater than the 
chord B C. Conversely — in any triangle the greater angle 
is opposite to the greater side — . For if the chord A C ex- 
ceeds the chord B C, the arc A .C must exceeS^H^ aic B . 
C. Then half of A C exceeds half of B C. Consequently 
B exceeds A, which was to be proved. 

53. — Two triangles are equaly when they have two sides^ '* 
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and their included angle respectively eqwd — . If A B 

F^2 (fig. 32) =D E, A C=D F, and the angle B A C«£ D 
F, then we say the triangles ABC and D E F are equal 
in all their parts. This may be proved by superposition. 
Place D E upon A B, and by hypothesis ihey must coin- 
eide. Also, since the angle As=D, D F will take the 
same direction as A C, and since they are equal in tegth, 
the point F will Ml on C, as E did on B. Then E 7 and 
B C, having two points common, cannot differ. The two 
triangles, therefore, coincide throughout. Accordingly we 
say — two sides and their included angle determine the trian^ 
gli — ; for while these three parts donot vary, the other 
three, namely, the remaining side and the two remaining 
angles, cannot vary. 

54. — Having two sides of a triangle and their included* 
angle given^ to construct the triangle — . Draw D F»to one 

F32 of the given sides (fig. 32). Make the angle Ds=to the 
, given angle. This determines the direction of D £, and 
its length, which is given, determines the point £. Thus- 
we have two points E and F, which determine the length 
and position (^ the side E F. The triangle is therefore 
constructed. For, by the preceding proposition, there 
can be no triangle different firom D E F, which has the 

^ same three parts given. 

*" '66. — T\vg triangles are equaly when they heme a side and 
two adjacent angles respectively equal — , If the side Aa 

F82 B=D E (fig. 32), the angle A=D, and the angle B=E, 
then we say the two triangles are equal in all their parts. 
The proof is by superposition as before. A B will coin- 
cide with D E by h}rpothesis. B C will take the same 
direction as E F, because the angle B=£, and therefore 
the point C must fall somewhere in E F. Again A C 
will take the same direction as D F, because the angle 
A3=D, and therefore the point C must fall somewhere in 
D F. Now since C is to be in both the lines D F and 
£ F at the same time, it can only be at their intersection 
F. Thus the two triangles coincide throughout. Hence 
we say — a side and its two adjacent angles determine the 
triangle — . 
56. — Having a side and its two adjacent angles gtven^ to 

F32 construct the triangle — . Draw A B (fig. 32) equal to the 

given side. At A make an angle equal to one of the given 

' * angles. This will determine the direction of A C. At 
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\' 

B make an angle equal to the other given angle. This will 
determine the direction of B C. The meeting of A C and 
B C determines the triangle, since, hj the preceding pro- « 
position, no triangle having the same parts given can differ 
from the one constructed. 

57. — Two triangles are egualy when their three tides are 
resp^aioel^ equals. If A B=°D E (fig. 33), A Cs»D F,^3a 
and B C=E F, then we say the two triangles are equal. ' 
Place A C upon D F. Then it is only necessary to prove 
that the point B will fall upon E. Take D as a centre and 
with a radius D E make an arc at E. B must fall s^e- 
where in this arc, hecai^^e A B=D E. Again take F as a 
centre and with a radius F E make another arc cutting the 
.first. The point B must fall somewhere in this arc also, 

• hecause B C=E F. Then it can only be at their inter- 
section £, and the triangles must coincide throughout 
Hence we say — the three sides determine the triangle — . 

58. — Having three sides of a triangle gvoen^ to construct 

the triangle — . Draw. D F (fig. 33) equal to one of the F 38 
given sides. Take D as a centre and with a radius equal 
to another of the given sides, make an arc E. Again take 
F as a cent^ and with a radius equal to the remaining side, 
make another arc cutting the first. Then draw D £ and 
F E, and the triangle is constructed ;. since, by the pre- 
ceding proposition, no triangle having the same things giv- 
en, can differ from the one in question. 

59. — Two right triangles are equals when they have the hy^ 
pothenuse and another side equal--. If B C =E F ( fig 34) , F 34 
and A CsD F, then we say the two right triangles are 
equal. Place A C upon its equal D F. Then A B will 
take the direction of £) E, because A and D are right an- 
gles, and the point B will fall somewhere in D E. We 
wish to prove that it will fall on E. Take >F as a centre 
and with a radius F E make an arc cutting D E in E. B 
must fall somewhere in this arc, because B C^^E F. Now 
since B <mu8t be at the same time in the line D E and in 
^e u^H ean only be at their intersection E, and the two 
trik)^^ pincide throughout. Hence we say — the hypoth- 
muse and a side determine a right triangle — . 

60. — Having the kypothenuse and another^ Me given^ te 
cofKstruct a right triangle — . Draw D F equal lb the given 
tfide, and erect a perpendicular at D. Then take F ai^ a 
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centre and with a radius equal to the given hypothenuse, 
make an arc E cuiuiig the perpendicular. Draw F £ 
and the triangle is coubiiuctea, jsibce, by the preceding' 
proposition, no ligni iriaii^ie liaviug the same things givea 
can diiier from the one in question. 

61. It will be seen Irom the eight preceding articles, 

' that — in urdtr to construct a triangle .or coiwitice oursdves of 
its equality to another triangle^ we must always know titree of 
Us six^partSy of wUick one at least must be a side — . Three 
angles alone are not sufheieut to determine a triangle. 
.Why ? — Because any number of different triangles may be 
constructed, all havhig tneir three angles respectively 
F 35 equal. Thus the triangles ABC and D E F, (fig. 35 ) having 
their sides parallel, are equiangular with respect to eacti 
other (39). That is A=D, B=E, and C=F. Yet the 
triangles are not equal ; and it is evident that the number 
might be increased to any extent, and the same wonld be 
true, . . 

Of Proportions. 

62. We have already shown (8) that the ratio of two 
straight lines is expressed in the same manner and has the 
same meaning, as that of two abstract numbers. We now 
remark that — two equal ratios in lines as well as in manbers, 
make a proportion — . Hence the phrase geometrical prO'* 
portion. To explain the nature and laws of proportion be- 
longs to arithmetic and algebra. We shall not therefore 
enter into a particular analysis of them here. But for 
the sake of those who may not have studied proportion 
elsewhere, we shall briefly state the principles to be made 
•use of hereafter. We shall illustrate the application of 
«ach by one example in numbers, since we have already 
shown that the value of straight lines may be represented 
by numbers (7). The ratio between two numbers is ex- 
pressed in the form of a fraction. Thus the ratio of 6 to 

9 is f . . A proportion expresses the equality of two la- 

fi 10 ' 

tios. Thtts the equation - =r- is a proportion. But the 

usual form of writing it is 6 : 9 : : 10 : 16. This is read, 
6 is to 9 as 10 is to 15, and the meaning is, that 6 is the 
same part of 9 that 10 is of 15. The first term in each 
ratio is called an antecedenty and the second a consequent. 
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Thus 6 and 10 are antecedents, and 9 and 1^ consequents* 
The first and fourth term of a proportion are called extremes^ * 
and the second and third means^ Thus 6 and 15 are ex- 
tremes, and 9 and 10 means. If the same number is taken 
twice as a mean, it is called a mean proportional. Thus in 
the proportion 2 : 4 : : 4 : 8, we say 4 is a mean proportion- 
al between 2 and 8» If more than two equal ratios are 
written after one another, they form a continued proporHon, 
Thus 6:9::10:15::8:12isa continued proportion. 

63. — In every proportion^ the product of the means is equal 
to the product of the extremes — . For if two equal fractions 
be reduced to a common denomination, their numerators 
must be equal. Thus.from the proportion 6 ^'9 : : 10 : 15 
we have 9xl0=*6xl5. This property being universal, 
furnishes a convenient test by which to ascertain the truth 
of a proportion, for any four numbers will be in proportion 
when they satisfy this condition. 

64. — If two proportions have one ratio common^ the other 
two ratios make a proportion — . For ratios are nothing more 

.than fractions, and two fractions, each of which is equal to 
a third, are equal to each other. Therefore these two 
make a proportion. Thus if we have 6 : 9 : : 10 : 15 and 
6 : 9 : : 16 : 24, then we say 10 : 15 : : 16 : 24. Apply the 
test' and this last proportion will be found true. 

65. — */» every proportion the means j or the extremes^ or 
bothj may change placts — . For this does QOt affect the 
equality of the product of the means to that of the extremes. 
Thus the proportion 6 : 9 : : 10 : 15 may be written in the 
three following forms; 6:10::9:15; 15:9:: 10:6; 
15 : 10 : : 9 : 6. Apply the test and all these will be found 
true. 

66. — In every proportion^ either ratio or both ratios may be 
rntdtiplied or divided by the same number^ mthout destroying 
the proportion — . For ratios are fractions, and to multiply 
or divide the numerator and denominator of a fraction by 
the same number does not alter its value. Thus from the 

proportion 6 : 9 : : 10 : 15 we have | : 4 • * '^OX^ ^ 15x2. 

Apply the test and this last proportion will be found true. 

67. — Every proportion may be multipHed by itself 8r by 
' WMther^ term by term^ and the squares or products wiUform a 

new proportion-^* For if two equal fractions be multiplied 
by two equal fractions, the products must evidently be 

3 
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equal fractions, that is equal ratios, and therefore a propor- 
tion. Thus if Vie have 2 : 4 : : 6 : 12 then we My 2x2 : 
4X4 :: 6x6 : 12x12. Again if we have the two propor- 
tions 2 : 4 : : 6 : 12 and 6:9:: 10.: 15 then, multiplying 
term by term, we say 2x6 : 4x9: : 6x10: 12x15. Apply 
the test and both will be found true* 

68. — In every fropartionj the sum of the two first terms is 
to thiU of the tioo lastj and the dijference of the two first is to 
that of the two la$tj as the first is to the thirds or as the sec-- 
and is to the fourthr-^. Thus from ibe proportion 2 : 4 : : 6 : 
12 we have 2+4 : 6+12 : : 2 : 6 and 4—2 : 12--6 : : 4 : 12. 
Apply the test and both will be found true. 

69. — In every continwd proportion^ the sum of any number 
of antecedents is to the sum of the same nymber oj conseqwtitSy 
as one aaUecederU is to its consequent — . Thus if we have 
the continued proportion 2 : 4 : : 6 : 12 : : 8 : 16 then we say 
2+6 +8 : 4+ 12 + 16 : : 2 : 4. Apply the test and this will 
be found true. .The same might ne proved of any number 
of equal ratios. 

Of Proportional Lines. 

70. We are now prepared to demonstrate the following 

proposition, upon which mqie depends, than upon any 

other in geometry. — If a Une be drawn through two sides 

of a triangle paraUd to the third nde, it ({itides those two sides 

proportionally — , As the demonstration of this proposition 

IS long, we shall divide it, for the sake of clearness, into 

three parts. 1. If one of the two sides be divided into any 

number of equal parts, and if through the points of division 

lines be drawn to meet the other, parallel to the third side, 

which we shsll call the b<uej these parallel lines will divide 

the other side into the same number of equal parts. 2. If 

a point be taken in one side of a triangle such that the 

entire side shall have to the part cut off a ratio which can 

be expressed by whole numbers, and if tbrough this point 

a line be drawn parallel to the base to meet the other side,. 

this other side will have to the p^ cut off the sam^ ratio, 

^and the sides will be divided proportionally. *3. If a point 

be tlken any where in the side of a triangle., and if a line 

be drawn through it parallel to the ba^, the two sides will 

be divided proportionally. These three propositions we 

shall demonstrate in their order. First we say that if A P 
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(fig. 36) be divided into equal parts, and if lines be drawn F 36 
through the poiats of division parallel to the base P II, then » 
A R will be divided into the same number of equal parts 
as A P ; in other w*>rds A F==F G=G H=H I, &e. 
Through the points F, G, H, &c., draw the lines F K, G 

' L, H M, &c., parallel to A P. Then the triangles A B F» . 

« F K G, G L H, &c. are equal. Why ? Because they all . 
have a side and two adjacent angles equal (55) : namely,* 
A B»iF K=sG Ly &c., because parallels comprehended 
between parallels are equal (38) ; the angle B A FssK F * 
GssL G H, &c., because internal external angles are equal 
(34) ; and lastly A B F=^F K G=G L H, &c., because 
angles which have their sicjes parallel and directed the same 
way are equal (39). Therefore A F=F G=G H, &c., . 
and A H is divided into the same number of equal parts 
as A P. Secondly we say that if A P be to any portion A 
£ (fig. 36) as two whole numbers, and £ I badrawn par- F36 
allel to P R, then A R will be to A I in the ratio of the 
same two numbers^ and the two sides will be divided pro^ 
portionally. For if A P be divided, for example, into 7 
equal parts, and A £ contain 4 of them, then 'their ratio 
can be expressed by whole numbers, and we have A P : A 
£ : : 7 : 4. But by the preceding proposition A R is also 
divided into 7 equal parts^ and A I contains 4 of them, 
wherefore A R : A I : : 7 : 4. Then leaving out the ratio 
7:4 common to the two proportions (64), we have A P : A 
£ : : A R : A I. Thus the second part of the proposition is 
demonstr&ted. . Thirdly we say that even when the ratio 
of A B to A D (fig. 37) cannot be expressed by whole F 37 
numbers, still, if D £ be drawn parallel to B C, we have 
universally the proportion A B : A D :: A C : A £, or in- 
verting the means (65) A B : A C : : A D : A E. The 
niethod \>f proof is by what is called a reductio ad absurdum^ 
and is as follows. If the fourth term of the abbve propor- 
tion be not A £, it must be some line either greater.or less > 
than A £. Now if we can 'show that it is absurd to sup*- 
pose it either greater or less than A*£, the othet terms re- 
maining the 'same, then the fourth term must be A £, and 
the proportion will be true. Let us then in the first place' 
take a fourth term less than A £, for instance A 0% Then 
the proportion will be A B : A C : : A D: A O./ Now sup- 
pose A C. divided into any number of equal parts each less 
than £• One po^nt of division must fall' between and 
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. E. Let that point be 6 and draw F G parallel to B C. 
Then, since A C is to A G in the ratio of two whole num-^ 
bers, we have, according to the preceding demonstration, 
AB:AC::AF:A G. But by hypothesis we had A 
B : A C : : A D : A 0. These two proportions have the 
ratio A B : A C comnaon. Leaving it out (64), we havie/* 
the proportion A F:A G::A D:A 0. Inverting the^ 
.means (65) we have A F : A D : : A G : A 0, which is 
manifestiy absurd, since it asserts that a less is to a greater 
* as a greater is to a less. . This absurdity arises from sup- 
posing that the fourth term could be less than A £. There- 
fore we know that it cannot be less. If now w<e should 
suppose it greater, and take on the other side of £, by 
. repeating the same course of reasoning verbatim, we should 
arrive at a similar absurdity. The fourth term then cannot 
be greater than A E. And since it can be neither less nor 
greater than A E, it must be A E, and the proportion above 
enunciated is rigorously true, namely A B : A C : : A D : A 
E or A B : A D : : A C : A E. From this proportion, we 
have by subtraction (68) A B— A D : A C— A £ : : A 
D : A E. But A B— A D=B D, and A C— A E=C E. 
Therefore BD:C£::AD:A£, or inverting the n^eans 
BD:AD::CE:A£. 

71. The converse of the above proposition is equally 
true, namely — If a Une be drawn so as to divide two sides of 
a triangle proportionaUy^ that line is paraUtl to the thirji 

F38«rfc — . llius if D £ (fig. 38) be so drawn that we haVe^ 
the proportion BD:DA::(iE:EA, then we* say that 
D £ is parallel to B C. For if it is not, some other line 
drawn through D must be. Suppose that line to be D F. 
Then if D F is parallel to B C, we have by the preceding 
proposition BD:DA::CF:FA. But by the condi- 
tions of the proposition we had B D : D A : : C E : C A. 
From thesfe two we have (64) C F : F A : C £ : E A. 
This proportion is absurd, as will be seen by inverting the 
means. For then we have C F : C E : : F A : E A, that 
is a greater is to a less as a less is to a greater. Therefore 
no line different from D E, can be drawn through D paial* 
lei to B C. 

72. We shall now solve several problems, which depend 
npon the proposition of article 70. We begin with the 
following — To find a fourth proportional to three given 

F39 tines^. Let the three lines be A, B, C (fig. 39). Draw 
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the indefinite lines D P, D R, making any angle at plea- 
sure. Take DE=A,DF=B, and DG=C. Join Band 
F, and through G draw G H parallel to £ F. Then D H ^ . 
will be the fourth teiiin re<{Uired. For we have the propor- 
tion D E : D F : : JP G : D tt. This geometrical operatioa 
corresponds to the Single Rtde of Three in arithmetic. 

73. — To divide a given straight line into anif nianber of 
» equal parts — . Suppose it were required to divide A B 

(fig. 40) into six equal parts. Draw the line A P indefi- F40 
nitely. Take A C of any convenient length, and apply it 
six times to A P. Through H, the last point of division, ' *r 
draw H B. Through C draw C I parallel to H B, A I 
Svill be a sixth part of A B. For A 1 : A B : : A C : A H. 
But by construction A C is one sixth of A H. Therefore 
A I is- one sixth of A B. Apply A I six times to A B, and 
A B will be divided into six equal parts. 

74. — To divide a given line into parts proportional to any 
given lines — . Suppose it were required to divide D F 
(fig. 41) into three parts proportional to the three given F 41 
lines A, B, C. Draw D P indefinitely. Take D G=A, 
G H=B, H L===C. Draw L F, and through H and G 
draw H K and G I parallel to L F. Then D I : I K : : D 
G : G H or A : B. Also D K : I K : : D H : G H and D 
K : K F : : D H : H L. Inverting the means in the two 
last and leaving out the common ratio D K : D H, we have 
IK:KF::GH:H L or B:C. Hence D I:A::I 
K : B : : K F :C. Therefore the line D F is divided as 
required. 

75. — To divide one side of a triangle into two parts pro^ 
portional to the other two sides — . Suppose it were requir- 
ed to divide B C (fig. 42) into two parts proportional to A F42 
B and A C. Draw A D so as to bisect the angle BAG, 
and D will be the point of division. For we shall have the 
proportion C D:DB::C A:AB. Why i>— Draw B B 
parallel to A D till it meets C A produced. Then C D : D 
B::C A:A E. But A E=A B. For the angle B E ' 
A=D A C (34) and E B A=B A D. Now B A D==D 
A C by construction. Therefore A E B=A B E. Thea 
(60) A E=A B. Substituting A B for A E in the last 
proportion, we have CD:DB::CA:AB. 

76. — Through a given point in an angle^ to draw a line so 
that the parts intercepted between the poi^U and the sides of 
the angle shall he equal — . Suppose it were required to 

3* 
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F43 draw through the point B in the angle DAE (fig. AZ) a 

. line D E in such a manner that D B should he equal to B 

E. Draw B C parallel to A E. Take C D=C A, and 

through the points D, B, draw D E. Then D B=B £, 

for D B : B E : : D C : C A ; and D Cs=C A. 

Similar Triangles. 

77. — TiDO triangles are said to be similar when they are 
^ equiangular with respect to each other — . Thus if A B 
F44C (fig. 44) =C D E, B A C=D C E, and A C B=C E 

D, then the triangles ABC and C D E are similar. Now. 
there are three cases in which two triangles are equiangu- 
lar. 1. — When they have their sides parallel each to 
each — (39) . 2. — When they have their sides perpendicular 
each to each — . For then by turning one of the triangles 
about one of its vertices by the space of a quadrant, the 
sides will become parallel each to each. 3. — When they 
have an angle of the one equal to an angle of the other^ and 
the sides including these angles proportional — . Thus if the 
F46 angle A=A (fig. 45), and if A B : A D : : A C : A F, then 
we say the triangles are equiangular. For if the side A D 
be placed upon A B, since the angles at A are equal A F 
will fall upon A C. Theji, from the above proportion, D F 
must be parallel to B C (71 )• Consequently the angle A 
D F=A B C and A F D=A C B (34), and the two tri- 
angles are equiangular. In the above three cases, then, 
according to the definition, two triangles are similar. 

78. — T\oo similar triangles have their homologous side9 
proportional—'. By homologous sides we mean those which 
have corresponding positions with respect to the equal an- 
gles. Thus in the similar triangles B A C and D C 

F44 E (fig. 44^ A B is homologous to C D, being opposite to 
equal angles, and so of the rest. We are now to demon- 
strate the following proportion AB:CD::BC:DE::A 
C : E. Let the two triangles be so placed that A E and 
C E shall be in the same straight line. Produce A B and 
E D till they meet in F. Now B C is parallel to E F, 
because the angle B C A=D E C (34). Also C D is 
parallel to A F, because the angle D C E=B A C. Then 
we have (70) A C : C E : : A B : B F. But B Fs=C D 
(38). Therefore AC:CE::A B:C D. Again A 
<J:CE::FD;Dj;. But FP=BC. Therefor* A 
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e : C E : : B C : D E. Thus the three ratios formed by 
the three couples of homologous sides are equal, and give « ' 
the continued proportion A B : C D : : B C : D E : : A 
C:CE. 

79. The converse o^ the above proposition is equally 
true, namely — If two tnangles have their homologous sides 
proportiondlj they are similar — . If the triangles ABC and 

D E F (^g. 46) give the proportion A B : D E : : B C : E F4A 
F : : A C : D F, then we say they are similar. Draw D G , 

so as to make the angle G D F=A. Draw F G so as to 
make the angle D F G=C. Then the angle G=C (48), 
and the triangles ABC and D G F are similar by con- 
struction. Now if we prove that the triangle E D F is 
equal to D G F, it will follow that E D F is similar to A 
B C. By the conditions we have AC:DF::AB:DE, 
and by construction we have' (73) A C : D F : : A B : D 
Gk In these proportions the three first terms are the same, 
and therefore (63) the fourth terms must be equal. Thus 
D E=bD G. Again by the conditions we have A C :D 
F : : B C : E F, and by construction, A C : D F : : B C : F 
G. Therefore E F=F G. Then the triangles E D F 
and D F G are equal (57) having their three sides respec- 
tively equal. Consequently E D F is similar to A B C, 
which was to be demonstrated. 

80. — If from (my point in a semidrcumferencey a line be 
drawn perpendmdar to the diameter^ it wUl be a mean prepoT" 
iional between the two segi^erUs of the diameter — . Thus we 

say that A D (fig. 47) is* a mean proportional between B F47 
D and D C, or in other woids that B D : A D : : A D : D 
X). Draw the two chords A B and A C. Then the two 
triangles A B D and ADC will be similar. For the an- 
gle A D B^A D C, being right angles. Also since B A 
C is a right angle (42), B A D is at the same time a com- 
plement of D A C and D B A. Therefore (21^ D A 
C=:D B A, and as the third angles must be equal (48)^ > 
the two triangles are similar. We have then B D homol- 
ogous to A D, and A D homologous, to D C. Therefore 
BD:AD::AD:DC. If then it be required to find a 
mean proportional between two given lines, we have only 
to make these two lines a diameter, and at the point of 
jnnction erect a perpendicular to meet the circumference. 
This we shall find to be a very useful problem. 
81* '^Iffrcm a point without a circle a tangent and seeaai 
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be drawny the Uxng.eni voiU be a mean proportumal between t/te 
entue^ecant and the pari withotU the circle — . Thus if O 
F 48 (fig. 48^ be the poiDt, A the taugeut, aad O C the 
secant {40),4hen we say that A is a mean proportional 
tetween D and C, that i8 0D:0A::0A:0C. 
For draw the chord A D, and the triangles O A D and 
A C will be similar. Why ? — Because they have the an- 
gle common, and A D^tA C D, since both have for 
their measure half the arc AD (41). Then D is ho- 
mologous to O A, and A is homologous to C, and we 
baveODiO A::0 A:0 C. 

82. — To divide a given line in extreme and mean ra^ 
tio — . By this we mean to divide a line into two such 
parts that the greater part shall be a mean proportional be- 

F49tween the whole and the less. Thus A B (fig. 49) will 
be divided in extreme and mean ratio, if we can find a 
point F such that B F : A F : : A F : A B. The question 
then is to find the point F. Erect the perpendicular B 
C=half of A B, and with C as a centre and C B as ra- 
dius describe a circle. Through A and C draw the secant 
A E. Then with A as a centre and A D as a radius de- 
scribe an arc cutting A B in F. F will be the point sought. 
For by the preceding proposition we have A D : A B : : A 
B:AE. Then (68) A B— A D : A E— A B : : A D : A 
B. But A B— A D=B F, and A E— A B=rA E— D 
E=A D =A F. Therefore BF:AF::AF:AB, which 
is the proportion sought. 

Quadrilaterals. 

83. Any figure bounded by four straight lines is called 
a quadrilateral. Quadrilaterals take different names ac- 
cording to the relations of their sides and angles. If the 

F 50 opposite sides are parallel (fig. 50) the quadrilateral is a 

F51 parallelogram. If only two of the sides are parallel, (fig. 51) 

", the quadrilateral is a trapezoid. If no two of the sides are 

F52 parallel, (fig. 52) the quadrilateral is a trapezium. Of these 

three classes, the parallelogram is most important. Pai^ 

allelograms are either right or oblique. Eight paraUel<h 

grams have all their angles right angles. . Of these there 

are two denominations, the square^ and the obhnq or rectan- 

F Bogle. The square has all its sides equal (fig. 53). The 

F 54 oblong has only its opposite sidea equal (fig. 54.) (Mque 
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pardUelograms have none of their angles right angles. Of 
these there are also two denominations, the rhtyinbus^ and ' 
the rhomboid. The rhomhus ha^ all its sides equal (fig. 55) . F 55 
The rhomboid has only its opposite sides equal (fig. 56). F56 
It will be observed that the fundamental property of a par- 
allelogram, namely, the parallelism of the opposite sides, is 
common to the four last mentioned figures. There is also 
another property resulting from this (38), namely, the 
eqwjUity of the opposite sides. When we use the word 
parallelogram alone, we shall include in it only these two 
properties. 

84. — The diagonal of a parallelogram divides it into two 
equal triungles — . By diagonal we mean a straight line 
joining two vertices not adjacent Thus B D (fig. 56) isF56 
a diagonal. Now we say that Ihe triangles BAD and B 

C D are equal. Why? — Because A B=D C and /A 
D==B C, by the definition ; and B D is common to both. 
Therefore (57) they are equal. Moreover— TAc opposite 
angles of a parallelogram are equal — . Why ? — ^Because 
A=:C, being opposite to equal sides in equal triangles; 
and since A B D=B D C (34) Jind A t> B^D B C, we 
have A B D+D B C»A D B-f B D €, or A B C»A D 

C. Again — The sum of the angles of a parallelogram is equal 
to four right angles — . Why I — Because (46) the sum of 
the angles in each of the triangles Is/equal to two right an- 
gles. Lastly — 7%e two diagonals of a parallelogram mutw^ 
ally bisect each other — . Why ? — Because the triangles A 

B E and C D E (fig. 55) are equal (55), since A B=s=C F55 

D, the angle A B £:«E D C (34), and B A £=E C D. 
Therefore A Es:£ C, and B E=E D. 

Polygons. 

85. Polygon is the general name for every figure bound- 
ed by straight lines. Accordingly we might have treated 
of triangles and quadrilaterals under this head. But we 
thought it fnore useful as well as more simple, to consider 
them separately. Polygons are divided into regular and v^ « 
regular. Regular polygons are those which have all theic 
sides equal, and all their angles equal. Thus an equilat- 
eral triangle and a square are regular polygons. Irregular 
polygons are such as do not possess both these properties. 
S'untVarj'o^cm^ are those which have their angles equ^^ 
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each to each, and their homologous sides proportjonaL 
The student must observe that two polygons may be equi- 
angular unXh respect to each other^ when neither is equian- 
gular considered by itself. Thus a regular polygon is equi- 
angular in itself, hut two similar polygons are not necessa- 
rily so, though they are equiangular with respect to each 
other. There are particular names for polygons depending 
upon the number of sides. Thus a pentagon is a polygon 
of five sides, a hexagon one of six sides, a decagon one of 
* ten sides, &c. But we 4shall use the general term polygon, 
unless where the necessity of the case requires us to be 
more specific. 

86. — The sum of the interior angles of any polygon is equal 
to as many times two right angles as there are sides minus 

¥51 two — . Why ? — Because if from any vertex as A (fig. 57) 
diagonals be drawn to all the vertices not adjacent, the 
polygon will be divided into as many triangles as there 
are sides minus two. Thus if the polygon have six sides, 
there will be four triangles, and so of any other number. 
Let it be observed that we here speak only of convex poly- 
gons, that is of those whose vertices are all directed out- 
ward, as in the figure. 

87. — If two polygons are compose^ of the same number of 
similar triangles similarly disposed^ the polygons are sim* 

F58ttor — , Thus if the two polygons ^fig. 58) are composed 
of the same number of similar triangles, then we say they 
have their angles equal, eaqh to each, and their homolo- 
gous sides proportional. Why ? — Because if A B C is 
similar to F G H, then the angle B=G, and A B : F 
G r : B C : G H (78). Again the angle B C D=G H I, 
because from the similarity of the successive triangles, B 
* C A=G H F and A C D=F H I ; while from the two 
proportions BC:GH::AC:FH and AC:FH::C 
D : H I, we have (64) B C : G H : : C D : H L Thus 
« far then, we have the angles^ equal, each to each, and the 
homologous sides proportional, and it is evident that the 
same reasoning might be continued as long as there were 
^. sitiilar triangles placed in the same order. 
^ ♦« 88. — Upon a given line to construct a polygon similar to a 

.'^¥68 given ^polygon — . Suppose F G (fig. 58) were the given 
line and A B C D E the given polygon. Consider F G 
homologous, for example, to A B. Then draw G H mak- 
ing the angle F G H^A B C, and draw F H making the 
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wigle G F H=B A C. The triangles A B C and F G H ^ 
wilt be similar. Again draw H I making the angle F H * i 
IssA C D, and draw F I making the angle H F 1=^0 A 
D. The triangles ACD and FHI will be similar.* 
Proceed in this manner till the construction is completed, 
and the two polygons will be similar by the preceding pro- 
position. 

89. — Tkffo regular polygons of the same ntanber of sides « 
are siinilar — . Suppose the two polygons are regular het- • 
agons (fig 57). Then we say, in the first place, they are F 57 
equiangular with respect to each other, for each of the an* 
gles in both polygons is equal to one sixth of eight right 
angles (86). Again their homologous sides are proportion- 
al. For, by the definition of regular polygons (85) A 
B=B C=C D, &c. and G H=H 1=1 K, &c. There- 
fore, whatever be the ratio of A H to G H, the same must 
b«r the ratio of B C to H I, of C D to I K, &c., that is, A 
B : G H : : B C : H I : : C D : I K, and so on round the 
figure. Hence the two polygons are similar. The same 
reasoning would apply to any other number of sides. 

90 — Every regular polygon may be inscribed in a circle 
and circumscribed ahoxU a circle — . A polygon is said to be 
inscribed^ when all its vertices are in the circumference, and 
to be drcumscribedy when all its sides are tangents. Let 
there be a regular polygon A B C D E F (fig. 5y). FiudF5» 
the centre I of a circle (29) to pass through the three 
points B, C, D. We say the same will pass through all the 
other vertices. First it will pass through E. Why ? — ^Draw 
the chords B D and C E. Then, by the definition, the 
triangles. B C D and C D E are equal (53), and if C D 
were placed upon B C, D E would fall upon C D. Ac- 
cordingly the same circle which passes through B, C, D, 
will also pass through C, D, E. The same reasoning will 
apply to F and A, and to any number of vertices. Second' 
ly we say that this polygon may be circumscribed. Draw 
I H perpendicular to the middle of A B (28) and 1l G per- 
pendicular to the middle of A F. Describe a cicclet' with 
the radius I H, and A B will be a tangent (40). Now 
we say that A F will be a tangent to the same circle. 
Why ? — Because the two right triangles A I H and A I G 
are equal (59) since they have the hypothenuse A I com- 
mon, and A H, half of A B=A G, half of A F. There- 
fore I HsI G, and A F is a tangent The same might 
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^ be proved in like manner of all the other sides. Thus 

• ivheuever a regular polygon is given, there may be a cir- 
^ ele circumscribed about it, and a circle inscribed in it, or, 

• in the words of the enunciation, the polygon may be in- 
scribed and circumscribed. 

91. We cannot solve the general problem, having a 
given circle, to inscribe in it a regular polygon of any num- 

« ber of sides, since we have no means of dividing the cir- 

• cumference of a circle into any given number of equal 
parts. But there are certain particular cases in which the 
solution is possible. We begin with the square. — Head- 
ing a given circle to inscribe a square — . Let the given cir- 

F60 cle be A B C D (fig. 60). Draw two diameters perpen- 
dicular to each other, and join their extremities by chords. 
A B C D is a square (b3), because its sides are equal (53) 
and its angles are hght angles (42). 

92. — To inscribe in a git en circle a regular hexagon and 
FGlan equilateral triangle — . Take the radius A (tig. 61) 

in the compasses, and apply it round the circumference. 
We say that it will be contained exactly six times, or, in 
other words, that— /Ae side of an inscribed hexagon is equal 
to radius — . Why ? — Because, since A 0=B 0, the an- 
gle A BsO B A. Then, supposing A B to be the side 
of a regular hexagon, the angle A O B must be equal to 
60^, since the arc A B is a sixth part of the whole circum- 
ference. Tbren the angles A B+0 B A must be equal 
to 120^ (46), and since they are equal, each must be 60°. 
Therefore the triangle A O B is equilateral (51), and A 
B, the side of a hexagon, is equal to the radius A 0. If 
now we would inscribe an equilateral triangle, i| is only 
necessary to join the alternate vertices A, C, £. Indeed, 
we may remark generally that when any polygon of an 
even number of sides is already inscribed, we may always 
inscribe one of half the number of sides, by joining the al- 
ternate vertices. Also, by bisecting the arcs, whether an 
even number or not, and drawing chords to the half arcs, 
we may always inscribe one of double the number of sides. 

93. —To inscribe in a given circle a regular polygon of 
ten and one offifven sides — . First, to inscribe one of ten 

F 62 sides. Divide the radius O A (fig. 62) in extreme and 
mean ratio (82). Let O M be the greater part. Take 
tjie chord A Bs=:0 M, and apply it round the circle. W^ 
say it will be contained exactly ten times, or, in other 
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words that the arc A B is a tenth part of th« circumfe- ^ 
ference. To prove this we need only show that the angle 4 

A O B=36^. We have by construction, A M : M O : : M 
•0 : A O, or, drawing B M and substituting A B for M O,^ 
AM:AB::AB:AO. Then the triangles A M B and I 
A O B are similar (77) having the angle A common, and 
the sides including it proportional. But A B is isosce- 
les. Therefore A M B is also isosceles, and B M==A . 
B=0 M. This makes M B isosceles, and the angle M *• 
O B— M B O. Now B M A, being an exterior angle (49) 
is equal to the two opposite interior angles M B +M B 
0=twice A B. Then B A M=B M A=twice A O 
B, and B A=M A B=twice A O B. Hence all the 
angles of the triangle A B or ISC^^five times A B. 
Then A O B=one fifth of 180° ==36°, and A B is the side 
of a regular decagon. If now, secondly^ we wish to inscribe 
a^regiiar. polygo.n of 15 sides, we have only to find one 
fift^eoMf of a circumference. For this 'purpose, let A C be 
the siae of a hexagon and A B that of a decagon. Then 

B C wiD be the arc required, for B C=-— -2 of a circum- 
ference, that is one fifteenth. Lastly by joining the alter- 
nate vertices of a decagon we should have a pentagon ; 
and by bisecting the arcs which are one fifteenth and 
drawing chords, we should have a polygon of 30 sides, and 
so on indefinitely. 

94. — The circle is a regular polygon of an infinite nvanr 
her of sides^-. Inscribe in the circle (fig. 63) any one of F63 
the regular polygons before mentioned, for instance a hex- 
agon, as A B C D E F. Bisect the arcs B C, C D, &c., 
and join the half arcs by the chords B H, H C, C I, &c. 
Thus you have a regular polygon of 12 sides. Proceed 
in the same manner with this, and you haye one of 24 
sides, then one of 48 sides, and so on without limit Now 
it is obvious that the polygon of 12 sides approaches near- 
er to a coincidence with the circle, than that of 6 sides. 
In the same manner the polygon of 24 sides, approaches 
Dearer than that of 12, and the polygon of 48 sides ajp^ 
proaches nearer than that of 24, and so on without a limit. 
But the difference between the first polygon and the circle 
is a finite or limited quantity, and we have seen that this 
difierence constantly diminishes as we increase the sides. 
Accordingly if the number of sides were increased to infinn 
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ity, the difference would become nothing ; for no one caa 
doobt that the endless diminution of a limited quantity- 
must bring it to nothing. Thus the polygon of an infinite 
numl^er of sides would not differ from a circle. This idea 
* of a circle agrees with the definition before given of a 
curved line (10) namely, that it is made up of infinitely 
small straight lines. 

95. — The perimeters of regular polygons of the same num' 
* her of sides are to each other as the radii of their circumscrilh- 
ed circles — . By the perimeter of a polygon we mean the 
sum of its sides. Then we say that the perimter ABC 
F64 D E F (fig. 64), is to the perimeter GHIKLMasCN 
is to I 0. Suppose the two polygons are hexagons. 
As they are similar (89) we have BC:HI::CD:IK. 
Then (66) 6 times B C : 6 times H I : : C D : I K. But 
6 times B C is the perimeter of the first polygon, and 6 
times H I is the perimeter of the second. Moreover {hfi 
triangles B N C and H O I are similar. For the $9gl& B 
N Ga=H O I since the arcs B C and H I contain the same 
number of degrees, and B N==H I (42) being in- 
scribed in segments containing the same number of de- 
gfees. Therefore C D : I K : : C N : I 0. Accordingly 
by making the substitutions in the proportion, 6 times B 
C : 6 times H I : : C D : I K, we have the following ; pe- 
rimeter A B C D E F : perimeter GHIKLM::CN:I 
O. As the same reasoning might be employed for any 
other number of sides than 6, the proposition is demon<- 
strated. 

96. — The circumferences of circles are to each other as 
their radii — . This follows directly from the two last pro- 
positions, for the circumferences of circles are the perime- 
ters of regular polygons of an infinite, and therefore the 
same number of sides. Moreover the radii of the circum- 
scribed circles become, in this case, the radii of the circles 
to be compared, the polygons being confounded with the 
circumscribed circles. Also it may be added that — similar 
arcs are to each other as their radH — ^. By similar arcs we 
understand those which contain the same number of de- 
grees or measure equal angles at the centre. Now fVom 
the definition of a degree (15) such arcs are to each other 
as the circumferences of which they are a part. But these 
last are to each other as their radii. Therefore similar 
arcs are to each other «a their radii. 
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Surfaces. 

• 

9f. By the word surface we understand, in the abstract, 
that magnitude which has length and breadth without 
thickness, fiut a more definite idea will be obtained if we 
introduce motion. Accordingly we say — a surface is the^ 
space described by a Hne moving any other toay than length' 
wise — . Thus we have the origin of the two dimensions. 
For the line itself has one dimension, namely, lengthy and 
itt motion makes another, namely, breadth. Speaking ab- 
stractly there is no thickness. But as you cannot make 
obvious to the senses, that which has absolutely no thick- 
ness, it is sufficiently near the truth to say — a surface has 
length and breadth with an infinitely small thickness-:^. This 
is analogous to our definition of a line (2), for the infinitely 
small breadth and thickness of the moving line, would give 
%ik infinitely smdi thickness to the generated surface. 
Moreover as the boundaries of a line were points, so now. 
for a similar reason, the boundaries of a surface are lines. 

98. There are three kinds of surfaces, corresponding |o 
the three kinds of lines by which we may conceive them 
to be generated. These are plancy ptdygonal and curved. 
We have already defined a plane surface. — That in which 
any two points being taken^ the straight line joining those points, 
Ues wholly in that surface — . Thus, if we leave its thickness 
out of consideration, a sheet of paper perfectly smooth and 
even, may be taken to represent a plane surface, for in 
whatever direction we apply the straight edge of a rule to 
it, the rule will touch it in every point Such a surface i^ 
usually designated by the word plane alone. — A polygon* 
al surface is one which is composed of several planes — . If a 
surface is neither plane nor composed of planes, it is a 
curved surface. But in order to give a definition which 
may make a plane the element of all surfaces^ we say— a 
curved surface is one which is composed of infinitely small 
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jdanes — . Thift is the point of view in which we shall con- 
sider it hereafter. 

99. In the first section we considered figures only with 
' teference to the lines and angles of which they consist, 

and we called those figures equal, which, being applied the 
one to the other, coincide throughout. In the present 
section we are to consider figures with reference to the 
quantity of surface, which they embrace, and we shall call 
those figures equwalentj which embrace equal quantities of 
surface. The question then arises, how is this quantity 
of surface to be estimated ? In other words, how are sur- 
faces measured and compared ? In measuring and compar- 
ing lines, (7) we found it necessary to fix upon some 
quantity of the same kind as a standard of measure, and 
we called this a linear unit. In like manner if we would 
neasure and compare surfaces, we must fix upon some 
quantity of the same kind, to serve as a unit of surface or 
superficial unit. In order to be of the same kind, this unit 
must have two dimensions, length and breadth ; and as 
that is obviously most simple, in which these two dimen*- 
sious are the same, geometers have universally adopted, 
as a superficial unit — a square whose side is a linear unit — . 
Accordingly we express the measure of surfaces, by stating 
the number of square^inches, square feet, square yards, &e» 
they^ trontain ; meaning thereby the number of 
squares whose side is an inch, a foot, a yard, &;c. The 
ii»easure of a figure thus expressed, is usually called its 
area, 

100. — 77ie area of a right parallelogram is equal to the 
product of Us base by its altitude — . By the altUtde of a 
parallelogram we mean a perpendicular let fall from one 
side to another parallel side. By the base we mean the 
side upon which the perpendicular falls. Thus E F 

F50 (fig. 50) is the altitude, and A D the base. In case of a 
F 65 right parallelogram as A B C D (fig. 65) it follows from 
the above definition that A B is the altitude and A D the 
base. Then we say that the area of A B C D«A BxA 
D. That is A B C D contains as many superficial unita 
as the product of the linear units in A D by those in A B. 
The superficial unit, as we have just seen, will depend 
upon the linear unit. Suppose then A D=8 inches and 
A Bb6 inches. Here the superficial unit will lie a square 
inch, as £ F G H^ and we are to show that it is contained 
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in A B C D 6 times 8 or 48 times. If we mark the icRcfa- 
es in A ^ ^nd erect perpeDdiculars, and do the same with 
B D, as in the figure, each row will contain as many 
squares as there are inches in A D, that is 8 ; and there 
will be as many of these toyrs as there are inches in A B', » 
that is 6. The whole number then is 6 times 8 or 48. 
The proposition is equally true if A D and A B do not con« 
tain an exact number of inches. If for example A D=6^ 
inches and A B=s4i inches, still we say that A B G 

D==62X4|=28- square inches. For since A D=65=- 

=■- and A B=45«s- =— , we may suppose A D divided 

into 39 parts.each equal to ^ of an inch, and A B divided 

into 26 equal parts of the same value. Then by erecting 
perpendiculars as before, we shall have ABC D =39x26 

ssb1014 squares, the side of which is -of an inch. Now 

of these small squares a square inch contains 6x6=36, 
since each row contains 6 squares and there are- 6 rows. 
Accordingly if we divide the whole number 1014 by 36 
the number in a square inch, we shall have the number of 

square inches. Now ~og-=28- which was to be proved. 

Accordingly, since the same reasoning might be employed 
for any other values of A D and A B, we conclude univer- ■ 
sally that the area of a right parallelogram is equal to the 
product of its base b}^ its altitude. If the right parallelo- 
gram be a square, since by the definition the base and tlti- 
tude are the same — we have the area of a square by tmUH-^ 
plying one of its sides by itself — ; Hence the origin of the 
term square applied to the product of a number multiplied 
by itself. 

101. - — Hie area of any pnraUelogram w equal to the pro» 
duct of its base by its altitude-^. If a parallelogram is not 
right, it is oblique. Now if we prove that an oblique par- 
allelogram is equivalent to a right parallelogram of the same 
base and altitude, it will follow that it mast have the same 
measure, namely, its base into its altitude. Accordingly 
let A B E F (fig. 66) be a right parallelogram, and A B F66 
C D an' oblique one, of the same base A B and the same 
altitude B E. We say they are equivalent Why ? — ^Be- 
cause th« right triangle A F D=B £ G (59), since A 
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FasB E and A Ds=B C from the nature of parallelograms. 
Now if from. the whole figure A B C F, we take A F D, 
there will remain A B C D. Again if from the whole 
, £gure we take B E C, there will remain A B E F. But 
» it is an axiom that if equals be taken from the same thing, 
equivalents will remain. Therefore ABC D=A B E F, 
and the area of A B C DssA B xB E, this being the meas- 
ure of A B E F (100). f 

102. — The area of any triangle is equal to half the pro^ 
duct of its base by Us alHtude — . By the altitude of a trian- 
gle we mean a perpendicular let fall from one of the ver- 
tices to the opposite side, produced if necessary ; and by 
the base the side upon which the perpendicular falls. 

F67 Thus in the triangle A C D (fig. 67) C E is the altitude 
, and A D the base. Then we say that the area of A C 
D===half of A DxC E. Why ?— Because the triangle A 
C D=ha]f the parallelogram A B C Q of the same base 
and altitude (84). But the area of A B C D=A DxC 
E (101). Therefore the area of A C D=half of A 
DxC E. 

103. — 7%c area of a trapezoid is equal to the product of 
. its altitude by half the sum of its parallel sides — . By the 

altitude of a trapezoid we mean the perpendicular let fall 
from one of the parallel sides to the other. Thus in the 
FG6 trapezoid A B C D (fig. 68), C E is the altitude, B C and 
A D being the parallel sides. Then we say that the area 
of A B C D=C Exhalf of (A D>B C). Why f— Be- 
cause the diagonal. A C divides the trapezoid into two tri- 
angles having the same altitude as the trapezoid, namely 
C E. Now the area of A C D =C E xhalf of A D ( 102). 
Also the area of A B C, taking A for the vertex and B C 
for the base is equal to C Exhalf of B C, since C E=bA 
F (38). Therefore, since the trapezoid is equal to the 
sum of the triangles, its area must be C E xhalf of A 
D+C Exhalf of B C or C Exhalf of (A B+B C). 

104. — 7%« area of a reg^dar polygon is equal to the pro^ 
duct of its perimeter by half the radius of the inscribed oT' 

T64cle—. Let A B C D E F (fig. 64) be the polygon, and 
N P the radius ot the inscribed circle. From the centre 
O draw lines to all the vertices. These will all be equal^ 
being radii of the circumscribed circle. Then the polygon 
will be divided into as many equal triangles as it has sides 
Moreover these triangles bav^ for their common altitude 
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the radius of the inscribed circle, and the tjm of their bas- 
es is the perimeter of the polygon. Therefore, adding 
their measures (102), we have for the area of the poly goo 
its perimeter multiplied by half the radius of the inscribed 
circle* 

105. — The area of a circk is equal to the product of Ua 
circumference by half the radius — . This follows directly 
from the preceding. For the circumference of the circle 
is the perimeter of a regular polygon .of an infinite number 
of sides, and the radius of the inscribed circle is. its own 
radius. 

106. — The area of a sector is equal to its arc multiplied 

by half the radiush--. Let C A M B (fig. 69) be the sec- F69 
tor. Suppose the arc A M B to be made up of infinitely 
small straight lines, and radii drawn from C to each of the 
points. Then the sector would be divided into triangles, ' 
the sum of whose bases would be the arc A M B and 
whose common altitude would be the radius A C. There- 
fore th*e area of the sector, being the sum of the areas of 
these triangles, is A M Bxhalf of C A. If now it were 
proposed to find the area of the segment formed by the arc 
A M B and the chord A B, we have only to subtract the 
area of the triangle CAB from the ^rea of the sector C A 
MB. 

107. — To find the area of an irregular polygon — . This 
may be done in two ways. Firsts by drawing diagonals as 

in A B C D E (fig. 58), the polygon is divided into trian-F58 
gles which may be measured separately, and the sum of 
Uieii areas will be the area- of the polygon. Secondly — ev- 
ery polygon may be converted into an equivalent trian- 
gle—. Let A B G D E (fig. 70) be the polygon to beF70 
measured. Draw the diagonal C E, and through D draw 
D F parallel to C E to meet A E produced. Then draw 
C F, and the ^iangle G E F will be equivalent to C £ 
D. Why ? — Because they have the same base C E and 
their altitudes are equal, since their vertices F and D are 
in a line parallel to G £. G<Nisequently, having the same 
measure, the triangles are equivalent Then by leaving 
out C D E and taking C E F in its stead, we have the 
quadrilateral A B C F equivalent to the pentagon ABC 
D E. In the same manner we may leave out the trian^e 
ABC and take an %quivalent one A G C in its stead. 
Then the triangle G C F^Oic quadrilateral ABC F»the 
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pentagon ABODE. The same process woald apply t» 
any number of sides. Then, by finding the area of the tri- 
angle, we have the area of the polygon; 

1D8. — The square described upon the hypolhemiae of a 
right triangle is equivalent to the sum of the squares descnbed 
. upon tht other two sides — . This is the celebrated proposi- 
tion, with the discovery of which Pythagoras is said td 
have been so delighted, that he sacrificed a hundred oxea 
to the Muses. We are to prove that the square B C 6 
F71 F (fig* 71) is equivalent to the sum of the squares A B H 
L and A C I K, or more briefly that b c2=sb a2+a c^. 
From A, the vertex of the right angle, let fall the perpen- 
dicular A D and produce it to E. The square B G is thus 
divided into two right parallelograms B E and C £. If 
then we prove that B E=the square A H, and C E^the 
square A I, the proposition will be demonstrated. Draw 
the diagonals A F and H C. Thus we have two trian- 
gles A B F and H B C. These are equal. Why ?— Be- 
cause the angle A B F=H B G, since each is equal to a 
right angle plus the angle ABC. Also A B&=B H and 
B F=B C, from the definition of a square. Therefore 
(53) the triangle A B F=H B C. But H B Ca=half the 
square A H since it has half its measure (102), namely 
H Bxhalf of A B. Again A B F=half of B E, since it 
.. bas half its measure, namely B Fxhalf of B D. Now if 
two halves are equivalent, their wholes must be equiva- 
lent; that is, the square A H=the oblong B E. In pre- 
cisely the same manner we might prove that the square A 
I=tbe oblong C E. But the two oblongs B E and C E 
make the square B G. Therefore B G=A H+A I or 
^ c2s=A B^+A c^, which was to be demonstrated. From 
this equation we have a b^==b c^ — a c^ and a c^^b g^ 
— A b^. Also by extracting the square root, we have ^ 

C=(a b2+a c2)*, a B=(b C2-.A c2)*, and A C=:(b 

c2 — A B^)^, by which we are enabled in all cases — to find 
the third side of a right triangle when the other two are gio^ 

109. — To make a square equal to the sum or the differeneo 
F72 of two given squares — . Suppose A (fig. 72) is the side of 
one of the given sauares and B that of the other. To 
make a square equal to their sum, take E D=bA, at E 
erect a perpendicular E F, and take E G=bB. Then G 
D will be the side of the square required. For by th6 
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preceding proposition 6 d2=6 e^+e d^. Secondlyy to make 
a square equal to the difference of the squares upon A and ' . « 
B, supposing A the greater, make a right angle G E H ana 
take £ G=B. Then with G as .a centre and a radius equal 
to A^ describe an arc cutting the other side in a point H. 
E H will be the side of tie square riequired. For (108) * ^ 

E H^=H g2 — E ©2. 

110. — To make a paraUelogrcm equivedent to a given 
square^ and having the sum of its base and altitude equal to a 
given line — . Let C (fig. 73) be the given square and A F73 
B the given line. On A B as a diameter describe a semi- 
circle. At A erect a perpendicular A D and make it equal 

to the side of the given square. Through t> draw D E 
parallel to A B. From E let fall a perpendicular E F. 
Then A F will be the base and F B the altitude required, 
for they satisfy both conditions. First A FxF B=sF 
£2=C, that is the parallelogram is equivalent to the square. 
For (80) we have the proportion A F : F E : : F' E : F B, 
whence (63) A FxF B=f e2. Secondly A F+F B=A 
B, that is the sum of the base and altitude is equal to the 
given line. 

111. — To make a parallelogram equivalent tea given 
square^ and hamng the difference oj \Xs base and altitude equal 
to 0^^en Hrwr^» Let ih^ side of the given square be equal 

4<^ A D (fig. 74) and let the giviii line be A B^ -iPirceFTi 
these so as to make a right angle at A and describe a cir- 
cle upon A B as a diameter. Through D and O draw D 
F. Then D F will be the base and D E the altitude re- 

• 

quired, for they satisfy both conditions; FirstJ)FxT> 
EssD A^, that is the parallelogram is equivalent to tine 
square. For (81) we have the proportion D F : D A : : D 
A: D E, whence (63) D FxD E=d a2. Secondly D 
F— D E=E F=A B, that is the difference of the base 
and altitude is equal to the given line. 

1 12. — To make a square which shall be to a given square 

in any given ratio — . Let G H (fig. 76) be the side of the F 7^ 
given square, and suppose it is required to make a square 
which shall be to to the given square in the ratio of 3 to 
7. Make D C=3 and B D=7. On B C as a diameter 
describe a semicircle. At D erect the perpendicular D A* 
Through A and B draw A E=G H. Through E draw 
£ F parallel to B C. Through A and C draw A C to 
meet E F. Then A F will be the sid^ of the square re* 
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quired. We are to prove that a f2 : a e2 : : 3 : 7. Now 
' • (70) we have AF:AE::AC:AB, whence (67) A 
fd : A e9 : : A c2 : A b8. It will he sufficient then to show 
that A c2 : A B« : : 3 : 7. For this purpose we recur to 
*71fig. 71. Since a b2«B E (108) and a c2=C E, we 
' - have ab2:ac«::B E:C E. But B E«B FxB D and 
C E=B FxC D. Hence a b2 : a c2 : : B Fx,B D : B 
FxC D. Leaving out the commoa factor B F we have 
A b2 : A c2 : : B D : C D, that is— the squares of the sides of 
a right triangle are to ecu:h other as the adjacent segments of 
F 75 the hypothemse—. Therefore (% 75) a c2 : a b2 : : 3 : V. 
Consequently a f2 : a e2 : : 3 : 7, which was to be demon- 
strated. The process would be the same for any other 
numbers instead of 3 and 7. 

113. — To find the approximcUe ratio of the circumference 
of a circle to its radius or ^meter — . This problem, on 
account of its vast practical importance, has received a va- 
. riety of solutions. We propose the following as simpler 
than any we have met with. We have already shown (8) 
how to find the ratio of two straight lines ; but it is obvi- 
ous from the definition of a curve (10), that we cannot, 
in the same manner, find the exact ratio between a curve 
and a straight line, since we cannot find an infinitely smaU 
common measure. We can» however, approximate to per- 
fect accuracy, just in proportion to the smallness of the 
common measure which we m^e use of. All this will be 
f 76 evident from what follows. Let B C (fig. 76) be the side 
of an inscribed hexfigon. Then B C=the radius A B 
(92). Now if we take B C as a common measure of the 
circumference and tadius, it is contained 6 times in the 
circumference and 1 time in the radius. Accordingly our 
first approximate ratio is that of 6 to 1. This cannot be 
very near the truth, because the chord B C differs very 
perceptibly from the arc B D C. We shall therefore seek 
a smaller common measure. For this purpose we draw A 
D perpendicular to the middle of the chord B C, and it 
will bisect the arc B C in D (28). B D will then be the 

chord of --; of the circumference, and its value is found sa 

follows. Calling A B»l we have B E»i. Then (108)- 

A E=(a b?— b e8)^« (1—1)* =0.866. Knowing A 

B we have D £»A D— A £;sl— 0.866^0.134. Then 
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« 

in the right triangle B D E, we have B D-»(b e2+d e2)^ 

= (0.25+0.0179)*=0.5176. Now since i8 D is con- 
taiiied 12 times in the circumferencej we have 12x0.617<f 
=6.2112 for the circumference when the radius is 1* 
This is the second approximate ratio, and is much nearer 
the truth than the first, because the chord B D differs much ' 
less from the arc B D, than the chord B C did from its 
arc. In order to mak^ the third approximation, we draw 
A F perpendicular to the middle of the chord B D, and it 
will bisect the arc B D in F. Then the chord B F is the 

chord of ijg of the circumference, and its value is found in 

the same manner as that of B D. Thus A B=l and B 

G=^ of B D?::s0.2588. Then A G=-(a b2— b 62)^=s 

(1—0.0669)^=0.966. Knowing A G we have F 
G=i=A F— A G=l— 0.966«:0.034. Then in the right 

triangle B F G, we have B F=:(b*g2+f g2)^= (0.0669 ' 

+0.00115)^=0.2609. Now since B F is contained 
24 times in the circumference, we have 24x0.2609= 
6.2616 for the value of the circumference when the radi- 
us is 1. This is the third approximate ratio of the circum- 
ference to the radius, but it is still too small because the 
chord B F is still too large to be confounded with its arc, 
or to be considered as an exact common measure between 
the circumference and radius. It is obvious, however, 
that the process now commenced may be carried on to any 
limit we please, and each approximate ratio will be nearer 
the truth than the preceding, because, each arc being half 
the prec eding, its chord, calculated exactly in the same man- 
ner as above, will constantly approach nearer and nearer 
to a coincidence with its arc. We shall not give the de- 
tails of the calculation any further, because the preceding 
steps are sufficient to make the whole process intelligible. 
We shall only add that at the thirteenth ^livision, where 

the arc is 49150 of the circumference, and where the chord 

jnay be considered as almost e&actly equal to its arc, the 
fourteenth approximate ratio is that of 6.2831852 to 1. - 
if we call the diameter 1 the expression for the circumfe- 
rence is half the above, namely 3.1416926. Some per- 
sons, have had the patience to extend the calculation to 
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• 

one hundred and forty decimiils, but the abore value is suf^ 
ficiently accurate for all the purposes to \^hich it ever be- 
comes necessary to apply it. Universally, when the diam- 
eter of a circle is known — toe obtain the circtamference with 
sufficitnl accuracy by multiplying the diameter by 3.1415926, 
and we obtain the diameter with sufficient accuracy by dividing 
the circumference by the same number — . Moreover — the 
area of a circle may be found by multiplying the square of the 
radius by 3.1415926—. We have already seen (105) that 
the area of a circle is equal to the circumference multiplied 
by half the radios, or Cxi of R. ButC=:2 Rx3.14159^. 
Hence the area=r2Rx3.1415926xi of R=R2x3.1415926. 
It is the practice of geometers to represent the above ra- 
tio 3.1415926 by the Greek character TT. Then the 
expression for the circumference is TT xD, and for the area 
71 xR2. 

114. — To make a square equtoalent to amy given fig^ 
we — . This general problem is sometimes enunciated 
thus — to find Oie quadrature of any given figure — . In ex- 
plaining its solution it will not be necessary to have re« 
course to a diagram. All the figures whose properties we 
have considered, except irregular polygons, are measured 
by a product consisting of two factors ; and we have seen 
(107) that irregular polygons may be converted into equiv*- 
alent triangles, and then the same will be true of them. 
Accordingly — to make a square equivalent to any given fig- 
urCj it is only necessary to find a mean proportional between 
the two factors by which that figure is measured — . This can 
always be done by the process before explained (80), and 
the mean proportional thus found will be the side of the 
square required ; for the two .factors will then be the ex- 
tremes of a proportion, and the square of a mean propor- 
tional is always equal to the product of the extremes. 
Thus if the given figure be a parallelogram, find a mean 
proportional betvieen the base and altitude (101). If a 
triangle, between the base and half the altitude (102). If 
a trapezoid, between the altitude and half the sum of the 
parallel sides (103). If a regular polygon, between the 
perimeter and half the radius of the inscribed circle (104). 
If a circle, between the circumference and half the radius 
(105). If a sector, between the arc and half the radius 
( 1 06 ) . If an in egular polygon, between the base and half 
the altitude of the equivalent triangle (107). 
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Comparison of Surfaces. 

115. Surfaces are compared by means of the products 
which measure them. Universally — any two surfaces are 
to each other as their areas — . This is self evident. But 
— when the two products have one factor the samcy it may be 
left out (66), and then the two surfaces wiU be to each other 
as the factors which are unlike — . Thus if the radius of a 
circle is equal to the altitude of a triangle, then the circle 
will be to the triangle, as the circumference of the circle 
is to the base of the triangle, and so of all other similar 
cases. The comparison most frequently made is that 
where the figures are of the same kind. The following 
propositions need no demonstration, being only particular 
cases of the general proposition just enunciated and self- 
evident from the nature of measures. —^If two paralleUh 
grams have the same altitude, they are to each other as their 
bases ; if they have the same base, they are to each other as 
their altitudes — If two triangles have the same base, they 
are to each other as their altitudes ; if they have the sam>e 
altitude J they are to each other a>s their bases — If two tron 
pezoids have the same altitude^ they are to each other as the 
sums of their parallel sides ; if the sums of their parallel sides 
are the samcy they are to each other as their ^ altitudes — • 

116. If the two surfaces to be compared are similar fig- 
ures, we have other means of comparing them, than those 
just explained. We shall demonstrate the following gene- 
ral proposition. — Any two similar figures are to each other 
09 the squares of their homologous sides — . We begin with 
two similar triangles. Let these be A 6 C and D E F 
(fig. 77), and let A G be the altitude of the first and D H F77 
that of the second. Then by the preceding proposition, 

A BC:D EF::BCxAG:EFxD H. But from the 
similar triangles A B C and D E F we have (78) B C : E 
F : : A B : D E. Moreover the triangles A B G and D E 
H are similar, since the angle B=E and they have each 
a right angle. Hence A B : D E : : A G : D H. The two 
last proportions have a common ratio A B : D E, There- 
fore B C : E F : : A G : D H. Multiplying this, term by 
term, (67) by the identical proportion B C : E F : : B C : E 
F,wehaveB c2: e f2: : B Cx A G :E FxD H. But we 
had above A B G:D E F::B CxAG:£FxDH, 

5 
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Leaviog out the common ratio in the two last proportions, * 
we have A B C : D E F : : b c2 : e f2, which was first to 
- be demonstrated. It will now be easy to generalize the 
demonstration for similar figures of any number of sides. 
Take the two similar polygons ABODE and FGHI 
F58K (fig* 58). These are composed of the same number oi 
simUar triangles (87). Hence A B : F 6 H : : a c2 : f 
h2. Also A C D : F H I : : A ca : F h2. Therefore A B 
C ; F G H : : A C D : F H I. In like manner A C D : F 
H I : : A D E : F I K, and so on for any number of trian- 
gles. Thus we 'have the continued proportion A B C : F 
GH::ACD:FHI::ADE:FIK. Here the sum 
of the antecedents is the polygon A B G t) E, and the'sum 
of the consequents is the polygon F G H I K. Therefore 
(69) ABCDE:FGHIK::ABC:FGH. But 
A B C :F G H : : A b2 : F g2. Therefore A B C D E : F 
G H I K : : A b2 : F 62. In other words, similar figures 
are to each other as the squares of their homologous sides. 

117. — Circles are to each other as the squares of their 
radii — . No diagram is necessary for this demonstration. 
Let us call one circle A, its circumference C, and its radius 
R ; and let us call another circle a, its circumference c, 
and its radius r. Then, since surfaces are as their areas, 
we have A:a::CX5 R:cX5 r. Doubling the sec- 
ond ratio, A :o: :CxR'. cxr. But (96) C:c:;R:r. 
Multiplying this last, term by term, by the identical pro- 
portion R : r : : R : r, we have C X R ^ cX ^ : • R^ ^ '"2, ]Now 
we had before A : a : : C XR '• cXt"* Hence, leaving out 
the common ratio, A : a : : R2 : r2, that is, circles are as the 
squares of their radii which was to be demonstrated. 

118. — '<^qual perimeters do not always enclose equal 
areas — . This may be demonstrated by numbers without 
a diagram. Taji^, for instance, a square and an oblong of 
equal prrinJfrn L«t the side of the square be 12 feet; 
then its nePneter is 12-{-12-f 12-f-12=:48 feet Let the 
base of wl oblong be 16 feet and its altitude 8 feet ; then 
its perimeter is 16+16-f-8-f-8=z:48 feet. Thus the perim'» 
eters are equal. But the area of the square is 12 X 12=144 
square feet; and the area of the oblong is 16X8=128 
square feet Therefore the areas are unequal. 

119. We shall now consider some of the circumstances 
in which a given perimeter contains the greatest area. 
This investigation 13 highly useful in a practical point of 
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view, but the plan of this work requires us to confine our*, 
selves to some of the simplest cases* The first proposition 
we shall demonstrate is the following. — If two triangles 
have the same base and equal perimeterSj that is the greatest 
in which the two tmdetermined sides are equal — . Let the 
two triangles be A C B and A M B (fig. 78) having the F 78 
same base A B and equal perimeters. We say that if A 
C=C B and if A M is not equal to M B, then A C B is 
greater than A M B. Produce A C till C D=C B. Jom 
D and B and produce the line indefinitely. The angle A 
B D is a right a^le, because if a circle were described 
with the Centre ^Ibd radius C B, the angle A B D would 
be inscribed in^a/semicircumference. Now take M as a 
centre, and with "a radius M B make an arc cutting D B 

Produced in N, so tftat M N=M B. Then A M+M N=A 
I-f-M B=: A C+C B=A C+C Dz= A D. But A M+M 
N is greater than A N, since A N is the shortest distance 
between A and N. Therefore A D is greater than A N. 
Now of two unequal oblique lines, that which is greater 
must be more distant from the perpendicular (31). Hence 
D B is greater than B N, and G B, half of D B, is greater 
than B P, half of B N. But G B is the altitude of A C 
B, and B P is the altitude of A M B. Accordingly, since 
triangles of the same base are to each other as their alti- 
tudes, and since G B is greater than B P, the tria,ngle A C 
B is^reaier_than A M B, which was to be demonstrated. 

120. — Among polygons of the same ptrtmderWidVieJsame — 
nwnber of sides^ that is the greatest in which the sides are 
equal—. Let there be the polygon A B C D E F (fig. 79). P79 
If the sides are not equal, the polygon may be enlarged 
without enlarging the perimeter. Draw B D. . Then, by 

the preceding proposition, if B C is not equal to C D, the 
isosceles triangle BOD of the same base and perimeter is 
greater than BCD, and by substituting it, the polygon 
would be enlarged without enlarging its perimeter. The 
same might be proved with respect to all the other sides. 
Therefore the greatest polygon, of a given perimeter and 
a given number of sides, must be that in which all the 
sides are equal, which was to be demonstrated. 

121. — Among polygons of the same perimeter and the same 
number of sides,^ the regular polygon is the greatest — . We 
have just proved that the sides must be equal, and we 
tfb^O now prove that the angles must be equal. As the 
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demonstration is long, we shall divide it into three distinct 
propositions. 1 — Among triangles formed with two given 
sidesj the greatest is that in which the two given sides make a 
right angle — . Let there be two triangles BAG and B A. 

F80D (%. 80), having the side A B common, and A C=A 
D. Then, if B A C is a right angle, we say ihe triangle 
B A C is greater than the triangle B A D, in which the 
angle at A is not a right angle. For, since the triangles 
have the same base A B they are to each other as their 
altitudes A C and D E. But A C is greater than D E, 
since its equal A D is greater than D E ^30). • 2 — Among 
polygons in which ali the sides but one ate given^ that is the 
greatest^ of which all the given sides can be inscribed in a 
semicircle having the unknoum side for its diameter — . Let 

FBI the polygon A B C D E F (fig. 81) be the greatest that 
can be made of the given sides, A B, B C, C D, D E, E 
F, and the unknown side A F. Then we say that the 
angle formed by drawing lines from any vertex as D to 
the extremities of A F, is a right angle, and consequently 
inscribed in a semicircumference. For if A D F is not a 
right angle, then by the preceding proposition, the portion 
A D F may be enlarged without altering the portions A B 
C D and D E F ; and thus the polygon itself would be 
enlarged. But by supposition it is alreacly the greatest 
possible. Therefore the angle A D F is a right angle, and 
; the same might be proved of all the other vertices. Con- 
sequently A F is the diameter of a semicircle in which the 
given sides are inscribed. 3^ — Among polygons formed of 
given sides^ the greatest is that which can be inscribed in a 

F82 drcle—. Let the polygon A B C D E F G (fig. 82) bej 
inscribed ; .and let the polygon a b c defg^oi which the 
sides are respectively equal to the former, be one which 
cannot be inscribed. Then we say the formeiiis the greats 
est. Draw Uie.. diameter E M and join A ]il and M B. 
Then upon a 6=:A P make the triangle a b ot=3:A B M, 
and join e m. Now, according to the preceding proposi- 
tion, the ,po]iy^n . E F G A M is greater than efgam^ 

' • unless tl|is last can be inscribed in a semicircle having e m 
for its diameter, which by supposition cannot be done. 
For the same reason E D C B M is greater than e d cbm. 
Hence the entire polygon EFGAMBCDEis greater 
than efgambcde. Then subtracting the equal trian- 
gles A B M and a 6 m, we hare the inscribed polygon A 
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B C D E F G greater than the polygon ab c d efg which 
cannot be inscribed. We have now proved that the great- 
est polygon that can be formed with a given perimeter and 
a given number of sides, must be equilateral and capable 
of being inscribed in a circle. Then it must be regular ; 
for it is equiangular as well as equilateral, since each of the 
inscribed angles has the same measure. 

122. — Among regular polygons of the same perimeter hut a 
different number of sides, thai is the greatest which has the 
greatest number of sides ; and a circle is greater than any 
polygon of the same perimeter — . We shall need no dia- 
gram for this demonstration. We have already seen (104) 
that the area of a regular polygon is equal to its perimeter 
multiplied by half the radius of the inscribed circle. Con- 
sequently any two regular polygons are to each other as 
the products of their perimeters by half the radii of the in- 
scribed circles. But in the case before us, the perimeters 
being the same, they are common factors. Therefore the 
two polygons are as the half radii or (66) as the radii of 
the inscribed circles. But the radii are as their circumfe- 
rences (96). It only remains then to prove that of two 
circles inscribed in regular polygons of equal perimeters, 
that is the greater which is inscribed in the polygon of the 
greater number of sides. Now the inscribed circle is al- 
ways less than the polygon ynless the number of sides is 
infinite. This is self evident. It is equally evident, from 
mere inspection, that the difierence becomes less as the 
number of sides of the polygon becomes greater. BiM; by 
supposition we do not increase the perimeter by increasing 
the number of sides. Accordingly the limit remains al- 
ways the same, and that circle must be the greatest ia 
which the difference between it and the polygon is least 
But this, as we have just seen, is when the number of 
sides is greatest, which was to be proved. It follows, 
moreover, that a circle is greater than any polygon of the 
same perimeter, because here the number of sides is in* 
finite. 

PkoMS and their Angles, 

123. We have hitherto considered planes as bounded by 
lines enclosing determinate areas. We are now to consi- 
der them as occupying certain relative positions with re- 
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^i^dcttb each other. In this view, they ice to be no long- 
er limited in extent, but to be regarded as indefinitely pro- 
'duced. And if we give them a determinate formi in the 
diagrams, it is only because we cadnot represent any other 
to the eye. 

124. — Two straight lines meeting ecLch other^ determine 
the position of a plane — . By this we mean that a plane 
can have but one position in which the two straight lines 
will lie in its surface. Let the two lines be A B and C 

F83B (fig. 83). Let a plane be supposed to pass through A 
B, that is to have A B in its surface. Then suppose this 
plane to turn about A B until the point C is in its surface. 
The line C B will be in its surface because two of it» 
points are, and the position of the plane will be determin- 
ed. For it is evident that it cannot be turned about either 
of the lines without departing from the other. Moreo- 
ver — three points not in the same straight line determine the 
position of a plane — . For they may be joined by two 
straight lines, which we have just shown will determine 
the position of a plane. 

125. — The intersection of two planes is a straight line — • 
It is a line because the planes have no thickness. And it 
is a straight line, because, by the preceding proposition, if 
the points common to the two were not in the same straight 
line, the planes would have the same position, and conse- 
quently could not intersect each other. 

126. Two planes which intersect each other, must form 
an opening of greater or less extent This opening is call- 
ed a plane angle. Thus the opening made by the planes 
A B C D and A B E F which, for the sake of brevity, we 

F84 shall call A C and A £ (fig. 84), is a plane angle. We 
shall have a definite idea of this angle, if we suppose the 
plane A C at first to coincide with A £ and then to turn 
about A B till it reaches its present position. The ques- 
tion now arises, how is this plane angle to be measured ? 
^Suppose H I, in the plane A £, perpendicular to A B, and 

^ H G to have coincided with H I, while the planes coin- 
cided. Then during the motion of the plane A C, the 
point G would describe the arc G I. It is evident, more-« 
over, that G I increases in the same proportion as the plane 
angle, since both are formed by one and the same motion. 
Therefore the arc G I may be taken for the measure of the 
plane angle. But the arc 6 I measures the linear angle 
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G H I, formed by the two lines G H and I H perpendicu- 
lar to A B. Hence — The angle made by two planes is meas- 
ured by the angle made by two lines drawn perpendicular y ai 
the same point, to the line of intersection — . If thefli the an- 
gle G H I is acute, or less than 90"", the plane angle will 
be acute. If G H I is a right angle, the plane angle will 
be a right angle and the planes will be perpendicidar. If • 
G U I is obtuse, the plane angle will be obtuse. When 
the plane angle is either acute or obtuse, the two planes 
are said to be oblique or inclined to each other. Finally, 
fiince plane angles are measured by linear angles, it is evi- 
diBnt that they have the properties of linear angles (20, 21, 
22,34,35,39). 

127. — A line is said to be perpendicular to a plane when 
it is perpendicular to aU the straight lines which can be drawn 
through its foot in the plane — . For then it will make a 
right angle with the plane in every direction. This being 
admitted, we can demonstrate the following proposition — A 
straight line is perpendicular to a plane when it is perpendic- 
ular to two straight lines dra/um through its foot in that 
plane — . Let the plane be A C (fig. 85) and suppose EF85 
F perpendicular to F B and F C. We say that E F will 

be perpendicular to every other line F G drawn through 
its foot in the plane A C. Suppose F B to turn about £ 
F remaining all the time perpendicular to it Then one of 
its positions will be F C, since F C is by hypothesis per- . 
f>endicular to E F. Now F B by its motion generates a 
plane to whiph E F is perpendicular, since it is perpendic- 
ular to the generating line in every position. This plane 
is B F C. But the plane B F C coincides with the plane 
AC (124), since by hypothesis the two planes have their 
position determined by the two lines F B and F C common 
to both. Henee (he line F G is in the plane B F C. But 
£ F is perpendicular to every line drawn through its foot 
in this plane. Therefore E F is perpendicular to F G« 
The same might be proved of any other line, since F G 
-was taken at pleasure. Consequently E F is perpendieu- . * * 
lar to the plane A C, whidb was to be demonstrated. 

128. — A perpendicular measures the shortest distance frqp 
n point to a plane — Two oblique lines drawn equally distant 
from the perpendicular are equal — Of two oblique lines at unr 
equal distances, the mare dUstant is the greater — . Let £ F 
(fig. 86) be perpendiculax to the plane A C, let E G andFSG 
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E H be two oblique lines drawn equally distant from the 
perpendicular, and let £ I be drawn more distant than E 
G or E H. 1. We say that E F is shorter than any other 
line. . For E F is the side of a right triangle of which any 
other line as E G is the hypothenuse. 2. We say that E 
G=E H. For the triangle E F G=E F H, having the 
two sides, E F, F G, and the included angle E F G re- 
spectively equal to the two sides E F, F Hand the includ- 
ed angle E F H. Therefore E G=E H. 3. We say 
that E I is greater than E G or £ H. £ I and E H are 
drawn to the same straight line and £ I is more remote 
than £ H. Therefore (31) £ 1 is greater than E H, and 
consequently greater than any other line as £ G drawn at 
the same distance as E H. 

129. Two planes are parallel when they are throughout 
at the same distance from one another. We have just 
proved that the shortest distance from a point to a plane is 
a perpendicular. Therefore — two planes are parallel^ or a 
straight line is parallel to a plane^ when aU the perpendiculars 
let fall from points in one to the other are equals. This be- 
ing admitted, we can demonstrate the following proposi- 
tion. — Two paraUel lines comprehended between two paral- 
lel planes are equal — . Let the two parallel planes be A B 

F 87 and C D (fig. 87) If the two parallels are perpendicular 
to the planes the proposition is evident from the defini* 
tion. But suppose they are not. Still we say they are 
equal. Let E F and G H be the two parallels oblique to 
the two planes. From £ let fall the perpendicular E I to 
the plane C D, and from G let fall the perpendicular G K. 
Then the triangles F E I and H G K are equal. For E 
I=:G K by definition, the angle I=the angle K being 
right angles, and the angle E=:the angle G being comple- 
ments of internal-external angles. Therefore (55) the 
two triangles are equal, and £ F=G H. 

180. — The intersections of two parallel planes by a third 

F^garc paroUel lines—. Let A B and C D (fig. 88) be two 
parallel planes intersected by a third plane H F, and let BE 
G and E F be the intersections. Then we say that H G 
is parallel to £ F. In the plane H F draw the parallel 
lines H £ and G F. These are equal by the preceding 
proposition. Then join £ G. The triangles H E G and 
E G F are equal. For H E=G F, £ G is common, and 
the angle H E 6=the angle E G F being alternate-inter- 
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nal angles. Therefore (53) Ibe triangles are equal, and 
the angle H G E=:the angle G E F. Then these must 
be alternate internal angles, and H G is parallel to £ F 
(37). ' . , 

131. — Two straight lines comprehended between three 
paraUel planes are divided proportionally — . Let the three 
planes be A B, C D, E F (fig. 89). 1. Suppose the twoF8§ 
fines to meet as G H and G I. By the preceding propo- ' 
sition the plane G H I will make the intersections K L 
and H I parallel. Then (70) GK:KH::GL:LL • 
2. Suppose the two lines do not meet as G H and M I. **' 
Still we shall have G K : K H : : M N : N L For by draw- 
ing G t, the plane G I M makes the intersections L N 
and G M parallel. Then (70) G L : L I : : M N : N L 
But we had GK:KH::GL:LL Hence, leaving out 
the common ratio G L : L I, we have G K ^ K H : : M 
N:NL 
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132. — A solid is that magnitude which has the three di- 
mensions of extensimj namely^ length, breadthj and thickness ; 
and we may conceioe U to be generated by the motion of a swr^ 
face in any direction but that of its length or breadth — . Thus 
we have the origin of the three dimensions : for the mov- 
ing surface has two, length and breadth, and the motion 
produces a third, namely thickness. We have seen that 
points are the boundaries of lines, and lines the boundaries 
of surfaces. In like manner surfaces are the boundaries of 
solids. These surfaces may be either plane or curved, and 
the solids enclosed by them will have different denomina- 
tions and properties accordingly. 

133. The general name for solids bounded by planes is 
polyedron. The planes are called faces, and their lines of 
intersection edges or sides. The least number of planes 
which can enclose a space or bound a solid, is four. Three 
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> planes meeting each other, would make an opening called 
a Bolid angle^ and a fourth is necessary to close up this 
opening. Thus the three planes B A C, B A D, C A D 

F9Q (fig. 90), which meet in A, form ah opening or solid an- 
gle at A, and a fourth plane B C D is necessary to close 
up this opening. The points A, B, C, D are called verti*' 
ces. The solid A B C D is called, from the number of its 
faces, a tetraedron. For the same reason a solid of six 
faces is called a kexaedron^ one of eight, an octaedron^ and 
80 on. But other denominations, depending upon the form 
and relative positions of the faces, are more important. — A 
prism 18 a solid comprehended under several parallelograms 
which termintUe in two equal and parallel polygons — . Thus 

F91 if the polygon ABODE (fiff. 91) is equal and parallel 
to the polygon F G H I K, and if all the other faces are 
parallelograms, as they evidently must be (129, 130), then 
the solid A H is a prism. The two equal and parallel po- 
lygons are called the bases of the prism, and the sum of 
the parallelograms A F G B, B G H 0, &c. are called the 
convex surface of the prism. If the faces are perpendicular 
to the bases the prism is called a right prism. The altitude 
of a prism is a perpendicular let fall from one base to the 
other. If the bases of a prism be triangles, the prism is 
said to be triangidar ; if quadrilaterals, quadrangularj and 
so on. If the bases of a prism be parallelograms, then all 
the faces wHl be parallelograms, and the prism is called a 

F92 pandlelopiped. Thus A G (fig. 92) is a parallelopiped. 
If the bases be right parallelograms, and if the other faces 
be perpendicular to the bases, the'prism is called a right 
parallelopiped. Among right parallelopipeds the cube is 
most remarkable, being comprehended under six equal 
squares. The only remaining polyedron to be mentioned 
is the pyramid, — A pyramid is a solid comprehended under 
several triangles proceeding from the same point and terminal-' 
ing in the sides of a polygon — . Thus A B C D E P 

F 93 (fig- 93) is a pyramid. The point A is called the vertex^ 
and the polygon B D E F the base. The altitude of a 
pyramid is a perpendicular let fall from the vertex to the 
base. The sum of the trians;les form the convex surface of 
the pyramid. If a plane as G H I K L pass through the 
pyramid parallel to the base, the part cut off below is call* 
ed a frustum of a pyramid. If the base of a pyramid is a 
regular polygon and if the altitude passes through the cqq^ 
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tre of the base, the pyramid is said to be regdar^ aad the 
altitude is called the axis of the pyramid. 

134. Of the solids terminated by curved surfaces, oriy 
three are considered in the elements of geometry. These 
are the cylinder^ the cone^ and the sphere^ which ar^ usual- 
ly denominated the three round bodieSj or the three solids of 
renohUion, — If a right paraUelogram be supposed to revolve 
about one of its sides as a fixed ax», the solid thus generated 
wiU be a cylirider — . Thus if the dght parallelogram A B 
6 H (fig. 94) be supposed to revolTe about A B, thQ solid F 94 
£ G is a cylinder. The two equal and parallel circles de« * 
scribed by the radii A H and B G, are called the bases of 
the cylinder, the axis A B the altitude^ and the path de- 
scribed by H G, the convex surface, — If a right triangle 
be supposed to revolve about one of its sides which include the, 
right angle^ the solid thus generated tvitt be a dme — . Thus 
if the right triangle SAD (fig. 95) revolve about S A asF95 
an axis, the solid S-B D C B is a cone. The circle de- 
scribed by the revolution of A D is called the bascy the 
point S the vertex^ and the path described by the hypoth- 
enuse S D, the contex surface. The axis S A is the alti" 
tudcy and any line S B drawn from the vertex to the cir- 
cumference of the base, is called the side of the cone. If 
a plane as F G H I pass through the cone parallel to the 
base, the part cut off' below is called a frustum of a cone. 
— If a semicircle be supposed to revolve about its diameter^ 
the solid thus generated unll be a sphere — . Thus if the 
semicircle MAP (fig. 96) revolve about M P, the solid F 96 
thus generated will be 2^ sphere. M P, the diameter of the 
generating circle, is the diameter of the sphere, and C P 
the radius. From the manner in which the sphere is gen- 
erated, it follows thart — every point in the surface of a sphere 
is equally distant from the centre — . Also — if a plane be 
made to pass through the sphere in any directiony the section 
will be a circle — . If the plane pass through the centre as 
M D P, this is evident, since every point in the curve M 
D P is equally distant from the centre C. In this case the 
circle is called a great circle. If the plane does not pass 
through the centre as £ Ei G, still the jcurve £ H P E js > ■ 
a circle. Suppose the plane in question to be perpei)dicu- 
lar to the diameter of the generating circle. It is immate- 
rial whether this diamc^ter be considered as M P or A B« 
jliet it be A B. Then the c^rve £ H G I may be con- 
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ceived to be traced by tbe motion of the point O. But G 
remains always at the same distance from H. ' Therefore 
it describes a circle of which H is the centre. Now in 
whatever direction we suppose a plane to pass, it is evi- 
dent that a diameter may be drawn perpendicular to it, and 
that this may be considered as the diameter of the generat- 
ing circle. Then, from the reasoning just made use of, the 
section will be a circle. Hence the proposition is univer- 
sally true. In this case, when the plane does not pass 
through the centre of the sphere, the circle is called a 
tmaU circle. If two parallel planes pass through a sphere, 
or if one be a tangent to the sphere, that is, if it touch the 
sphere only in one point, while the other passes through 
it, in either case the portion of the surface comprehended 
between the two parallel planes is called a zone. Thus 
the portions of the surface A-E H G I and £ H G I— M ' 
D P F are zones, and the circular planes are called their 
bases. Also the portion of the sphere comprehended be- 
tween two parallel planes is called a spherical segrnent. 
Thus the solids A-E H G I and E H G I— M D P F are 
spherical segments, and the circular planes are their bases. 
The altitude of a zone or ' segment is the perpendicular 
drawn between its bases. While the semicircle A P B 
generates the sphere, the sector B C K generates a solid 
which is called a spherical sector. 

Surface of Polyedrons. 

135. With regard to the solids defined in the two pre- 
ceding articles, two questions present themselves. First, 
how shall we measure their surfaces ? Secondly, how shall 
we measure their volume or solidity 1 We shall consider ail 
the above solids in these two points of view. We begin 
with the surface of a piism. — To find the surface of a 
prism^ take double the area of the bascj and add it to the sum 
of the areas of the parallelogram which form the convex sur- 
face — . This is evident from the definition (133). — If 
the prism be a right priam^ the convex surface is equal to the 
perimeter of the base multiplied by the altitude of the prism — . 
For the convex surface is made up of right parallelograms, 
of which the altitude is that of the prism, and the sum of 
the bases the perimeter of the base of the prism. — If the 
jprtaQi is a eircUj its surface is six Ones the area of one of its 
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Jacesj or m times the square of one of Us sides — . This is 
evident from the definition. 

136. -^To find the surface of a pyramidy cM the area of 
the base to the svan of the areas of the triangles which form 
its convex surface — . This is evident from the definition 
<133). 

137. — To find the surface of the frustum of a pyramidy 
add the sum of the areas of the upper and lower bases to the 
sum of the areas of the trapezoids which forpt the convex sur- 
face — > The convex surface of the frnstum of a pyramid 

is made up of trapezoids, because H 1 (fig. 93) is parallel F 93 
4o C D, I K to D E, &c. (130). 

Solidity of Polyedrons. 

138. We now proceed to find the solidity of polyedrons. 
For this purpose we must fix upon some known solid as 
a uml of solidity^ and see how many times it \» contained 
in the solid to be measured. Of ail solids the cube is 
most regular and simple ; and accordingly the same rea^ 
BOBS which induced geometers to adopt the square as the 
unit of surface, have also induced them to adopt the cube 
as the unit of solidity. The cube is a solid comprehended 
under six equal squares^ and consequently has dl its three 
dimensions the same ; in other words its length, breadth, 
and thickness are expressed by the same linear unit, and 
each of its faces is the square of that linear unit. Thus 
a cubic inch is an inch long^ an inch broad and an inch 
thick, and so of a cubic foot, a cubic yard, &c. The unit 
of solidity, as well as the unit of surface, depends upon 
the linear unit. It is a cubic inch, when the length, 
breadth, and thickness are expressed in inches, a cubic 
foot, when they are ^pressed in feet, and so on. 

139. — The solidity of a right parallelopiped is equal to 
the area of its base multiplied by its altitude — • Let the 
right parallelopiped be E C (fig. 97), having the right F 97 
parallelogram E H G F for its base and P B for its alti- 
tude. Suppose E H to contain a given number of inches 

as 9, and E F a given number as d. Then (100) E H 
G F will contain 45 squares • Now each of these squares 
may h% made the base of a cube, whose three dimensions 
are an inch. The.i the first layer will contain 45 of 
fh^se cub^s. And it is evident that there will be as mar 
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I ny such layers as there are inches in the altitude, since 

\ this layer only takes up one inch F I of the altitude. 

Let the number of inches in the altitude F B he 8. 
Then the whole number of cubes contained in the right 
parallel opiped is 8x45=360. Thus the measure of its 
solidity is 360 cubic inches. We have here made use of 
particular numbers, but this is only for the sake of being 
definite. It is evident that the same reasoning would 
1^' ^pply to ^^7 other numbers. If the dimensions contain- 

ed fractions of an inch, the proposition would still be true, 
I as might be shown by reasoning similar to that employed 

' in art. 100. Hence we conclude universally that the so- 

lidity of a right parallelopiped is equal to the area of its 
hase multiplied by its altitude, which is the same as the 
I product of its three dimensions. Thus the solidity of E 

C expressed in lines=£ HxE FxF B. If the right 
parallelopiped be a cube, then E H=E F=rF B, and 
i E Hx E Fx F B=E H3 j that is— Me solidity of a cube 

is found by' taking one of its sides three times as a factor — . 
This explains the reason why the term cube is used to 
express the third power of any* number. 

140. — Th^ solidity of any parallelopiped is equal to the 
are0of its base multiplied by its altitude — . This will be 
evident if we prove that — any paraUelcpiped is equivalent 
to a right parallelopiped of the same base and altitude — . As 
the demonstration is long, we shall divide it into three 
distinct propositions. 1. — If two parallelopipeds have 
the same inferior base, and their superior bases comprehends 
ed between the same parallel lines, they are equivalent — . 
F 98 Let the two parallelopipeds be E D and E M (fig. 98) 
having the inferior base E F 6 H common, and their su- 
perior bases A B C D and I K L M comprehended be- 
tween the same parallels A M and h L. The figure thus 
constructed contains two triangular prisms F B K-E A I 
and G C L-H D M. This will be true whether I K falls 
upon D C or upon either side of D C. Now we say 
that these two prisms are equal. The proof is by super- 
position. The triangle H D M=:the triangle E A I, hav- 
ing their three sides respectively equal. Therefore the 
inferior bases vrill coincide. Moreover since D C cor- 
responds in length and direction with A B, the point C 
will fall upon B. For the same reason L will fall upon 
K and G upon F. Thus all the vertices of one prism 
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coincide with those of the other, and the two pritos^fill 
the same space. Now if the left hand prism be taken 
from the entire solid, there will remain the parailelopiped 
E M ; |ind if the right hand prism be takeu from the en- 
tire solid, there will remain the parailelopiped E D, But 
if equals be taken from the same thing equals will re- 
main. Therefore the two parallelopipeds are equivalent. 

2. -—^Amf two parcUklopipeds of the same base and altitude 
are equivalent — . Let the two parallelopipeds be A H 

and A M (fig. 99), baring the same inferior base ABC F 99 
D, and their superior bases E F G H and I K L M in the 
same plane, the altitudes being the same. We say that 
A H— A M. Produce F E, G H, L K, M L Their in- 
ter^ctions will form a parallelogram NOP Q=E F G 
H=:I K L Mz=:A BCD. Then N P Q may be con- 
sidered as the base of a third parailelopiped A Q. Now 
A Q=:A M, by the. preceding proposition. For the same 
reason A Q=A H. Consequently A Hz=A M of the 
same base and altitude, which was to be demonstrated. 

3. — Any parailelopiped may he changed into an equivalent 
right parailelopiped of the same base and altitude — . First 
suppose the base is a right parallelogram, but the faces 

not perpendicular ; and let A M (fig. 99) be the glv^n F 99 
parailelopiped. At the points A, B, C, D, erect perpen- 
diculars to meet the plane of I K L M. Then A H will 
be a right parailelopiped ; and by the preceding proposi- 
tion it is equivalent to A M. Secondly suppose the faces 
perpendicular, but the base not a right parallelogram ; 
and let the given parailelopiped be A B C D-E F G H 
(fig. 100). From B and C let fall the perpendiculars F 100 
B I and C K upon A K. B C K I will be a right paral- 
lelogram. From I and K erect the perpendiculars I M 
and K L to the plane* A BCD, and join F M arid G L. 
Then B C K I-F G L M is a right parailelopiped. But 
since consistently with the definition of a prism, any 
face of a parailelopiped may be taken for a base, the two 
paralielopipeds A H and B L have the same base B C G 
F ; and the same altitude, since the opposite bases are in . 
the same plane. Therefore, by the preceding proposi- 
tion, they are equivalent. Hence any parallelepiped is 
equivalent to a right parailelopiped of the same base and 
altitude- Being equivalent they have the same solidity. 
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Therefore the solidity of any pandlelopiped is equal to the 
area of its base multiplied by its altitude. 

141. — 7%f solidUy of a tnangular right prism is equal 
to the area of its base multiplied by its altitude — . Let B 

F 92 H (fig. 92) be a right pandlelopiped. Let a plane pass 
through the vertices £, A, C, 6. This plane will divide 
the right pandlelopiped into two triangular right prisms* 
Call these A F and A H. They are prisms (133), be- 
cause their bases are equal and parallel and their other 
faces are parallelograms. Now we say that the two 
prisms A F and A H are equal. Suppose them entirely 
detached from each other by the plane £ A C G. Sup» 
pose A F removed from its present position and so placed 
that B C=:D A, shall fall upon D A, the point B falling 
on Dy and the point C on A. ' Then B A will fall on D 
C, since the angle B=zD (84) and B Az=zD G. Thus 
the lower bases will coincide. Moreover B F will coin- 
cide with D H, since otherwise there would be two per* 
pendiculars at the same point D in the line A D. Then 
the plane A B F E will coincide with the plane D G G 
H, since their positions are determined by the same three 
points H, D, C, not in a straight line (1^4). For the 
same reason the plane B G G F will coincide with the 
plane D H E A, and £ F G vrith G H £. Thus the two- 
right prisms A F and A H are equal. Then eaeh is half 
the parallelopipied, and must have half its measure. But 
the solidity of the parallelopiped=A B C DxA £ (139). 
Therefore the solidity of the right triangular prism A« 
G=half ABC DxA Ez=A B CxA E=:the area of 
its base multiplied by its altitude. 

142. — 7%e solidity of any triangular prism is equal to 
the ared of its base multiplied by its altitude — . Let A F 

FlOl (iig. 101) be an oblique parallelopiped. The plane A D 
F C divides it into two oblique triangular prisms, which 
we will call A E and A O. We are to prove that these 
two prisms are equivalent Suppose two planes A G H 
M and D I K N perpendicular to A D. Then we shall 
have two right prisms, which we vrill call A I and A N. 
These are Equivalent by the preceding proposition. Then 
the prism A £ will be equivalent to A O, if we prove 
that A £=A I and that A 0=A N. First the prism A 
E:;=the prism A I. The portion comprehended between 
ABC and D I K is common to both ; and by superposi- 
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tion it may be shown that theW)lid D I K F Ei=the solid 
A G H C B. Place D I K upon A G H and, by the de- , 
finition of a prism, they will coincide. Moreover K F 
will coincide with H G in direction, because there cannot 
be two perpendiculars erected at the same point ; and in 
length, because F C=K H each being equal to A D, and 
taking away K C which is common, we have K F:=:H C. 
Therefore the point F will fall on C By the same rea- 
soning £ will fall on B. Then the two solids will coin- 
cide throughout, since their corresponding planes are de- 
termined by the same points. Now if to the part which 
is common A B C-D I K, we add the upper solid, we 
have the oblique prism A £, and if to the same common 
part we add the lower solid, equal to the upper, we have 
the right prism A I. Therefore A Er=A I. By the same 
reasoning A 0=:A N. But A I=A N. Therefore A 
E= A O. Thus each of the oblique prisms is half of the 
oblique parallelopiped, and must have half its measure ; 
that is, (140) half its base into its altitude. But half its 
base A B C L.is A B C or A C L the base of the prism 
(84), and the iatltitude is the same. Therefore every tri- 
angular prism has for the measure of its solidity, the area 
of its base multiplied by its altitude. 

143. — The solidity of any prism whatever is equal to the 
afea of its base multiplied by its altitude — . Suppose we 
have the prism G D (fig. 91), the base of which is a pen- 'F 91 

. tagon. By the planes A F H C and A F I D, it is divid- 
ed into three triangular prisms ; that is, into as many as 
the base has triangles. In the same manner every prism 
may be divided into as many triangular prisms as the base 
has sides minus two. Moreover each of these prisms, 
by the last proposition, has for its measure its base multi- 
plied by its altitude. But the altitude is the sattie in all, 
and the sum of the triangular bases is equal to the base of 
the entire prism. Therefore the entire prism has for the 
measure of its solidity, the area of its base multiplied by 
its altitude. 

144. — TAe soUdity of a triangular pyramid is equal to a 
third of the area of its base multiplied by its altitude — . This 
will be evident, if we prove that — a triangular pyramid i$ 
u third of a triangtdar prism of the same base and attitude — • 
We shall divide the reasoning into four distinct proposi- 
tio^% 1/ '^If a pyramid be cut by a plogi^ p(traUel to th^ 
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hase^ the section is a polygm sirmlar to ike Base — . Let G 
F 93 H I K L (fig. 93) be a section parallel to the base B C 
D E F. We say the two polygons are similar. First 
their homologous sides are proportional. G H is parallel 
to B C, and H I to C D (130). Then the triangle A G 
H is similar to A B C, and A. H I to A C D (77). Hence 
AH:AC::GH:BC and A H:A C::H I:C D. 
Therefore (64) GH:BC::HI:CD. The same rea- 
soning might be continued round the polygons. There- 
fore the homologous sides are proportional. Secondly the 
angles are equal each to each. G H I=B C D, if the 
triangles G H I and BCD are similar. We had the 
proportion G H : B C : : H I : C D. Also from the pro- 
portions AG:Ali::GH:BCandAG:AB::GI:B 
D, we have GH:BC::GI:BD. Therefore the tri- 
angles G H I and B C D are similar (79), and the angle 
G H l=B CD. In the same manner we might prove 
that H I K=::C D E, and so of the rest. Therefore the 
polygons are similar. 2. — If two pyramids have their bas^ 
es in the same plane Q.nd equivalent^ and the same altitudcy 
the sections made by a plane parallel to the plane of the bases 
will also be equivalent — . Let the two pyramids be S-A 

F 102 B C and s-ahc (fig. 102), having their bases A B C and 
a 6 c in the same plane and equivalent ; and having the 
. same altitude, because their vertices S and s are in a line 
parallel to the plane of the bases. We say that the sec- 
tions D E F and def^ made by a plane parallel to that of 

, the bases, are equivalent. By the preceding proposition, 

A B C is similar to D E F, and ab do d ef Therefore 
(116) ABC:D E F::b c2:e f2 and abc:def::b 
c^:e fi. But (130) BC:EF::SC:SF. Hence 
(67) B c? : E f2 : : s c2 : s p2. Then A B C : D E F : : s 
c2 : s F% and in like manner ab c: d e f: :s c^:sf^. But 
(131) S C : S F: ;« c:sf] whence s c2 : s f2 : : « c2 : « 
p. From the four last, by leaving out equal ratios, we . 
have ABC:DEF::a6c:d efor (65) ABCiab 
c::J)EF:def But A B C=a b c ; therefore D E 
F=id ef. In the same manner G H 1=^ h t, and so on. 
3. — 7\dq triangular pyramids which have equivalent base* 
and equal altitudes are e^valent — . We say that the 

P 102 prism S-A B C (fig. 102)=:»-a6c. The method of 
proof is by the reductio ad absurdum^ and was invented hj 
Qaeret It is as follows. If S-A B C w not equivfilest 
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to *-a b Cf let s-a 6 £ be the less ; uid suppose 
rence equal to a prism which has ABC for its 
any line N T for iis altitude. Divide the entii 

N R into equal parts each less than N T, and 
these parts be N 0. Through the poiols of di 
P, Q, let planes pass parallel to that of the hi 
the dgure. By the precediug proposition, .the si 
equivalent, siuce A B C^a b c. Ahove the triangles A 
B C, D E F, &e , construct exterior prisms, aod helow the 
triangles d e f, g b i, Sic, construct interior prisms, as in 
the two figures. Now it is evident that the sum of the 
exterior prisms is greater than S-A B C, and that the sum 
of the interior prisms is less than s-^ b c. Hence the 
difTerence between these two sums must be greater than 
the difference between the two pyramids. Now the dif- 
ference between the sums of the exterior and interior 
prisms, is equal to the prism which Las A B C for its base 
and N for its altitude. Why ? — Because the second 
exterior prism is equivalent to the first interior, having 
equivalent bases D E F and def,hy the pieceding pro- 
position, and the same altitude; whence (142) they have 
the same solidity. In like manner, the third exterior 
prism is equivalent to the secoud interior, and so oo. 
Thus all the exterior prisms but the lower one, have 
equivalent interior ones. Therefore the difierence be- 
tween them is the lower prism, namely, that whose base 
is A B C and altitude N 0. Now if our first supposition 
be correct, this last is greater than the prism, which has 
the same base ABC and a greater altitude N T ; which 
is manifestly absurd. This absurdity arises from suppos- 
ing the two pyramids to differ. Therefore we conclude 
that they are equivalent or have the same solidity. 4. — A 
triangvlar fyramid is a third part of a trionguiar prism of the 
same base and allitude—. Let A F (fig. 103) be a trian-Fl03 
gular prism. By the plane £ A C cut off the triangular 
pyramid E-A B C, of the same base and altitude as the 
prism. Then there will remain- the quadrangular pyra- 
mid E-A C F D. Divide this by the plane DEC into 
two triangular pyramids E-A C D and E-C F D. Thus . 

. the prism is divided into three pyramids. We say these 
three pyramids are equivalent E-D A C;r:E-D F C hy 
the preceding proposition, since they have equal ba^es D 

,A C, D F C (84), ajid the same allitude, since the per- 
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pendicttlar let fall from E is the altitude of both. Again 
E-D F C=E-A B C ; for, instead of E-D F C we may 
change the vertex and say C-D E F. Then C-D E 
F=:£*A B C, since they have equal bases, by the defini* 
tiou of a prism, and for their common altitude, the alti- 
tude of the prism. Thus the three pyramids are equiv- 
alent. Each, therefore, is one third of the prism and 
must have one third of its measure ; that is, one third of 
the product of the base by the altitude, which was to be 
demonstrated. 

145. — The solidity of any pyramid whatever is equal to 
a third of the area of its base mtdtipUed by its altitude — . 

F 93 For any pyramid as A-B C D E F (fig. 93), may be di- 
vided into triangular pyramids having the same altitude 
as the entire pyramid, and the sum of whose bases make 
the base of the entire pyramid. 

146. — The solidity of the frustum of any pyramid may be 
found by adding together the upper base^ the lower base^ and 
a mean proportional between the two bases^ and multiplying 
the sum by it third of the altitude of the frustum — . J bus 
if A is the upper base, B the lower base, and H the alti« 
tude of the frustum, then thesolidity=(A-[-B-|-(A B)^) 
X ?H. It will be sufficient to demonstrate this with re- 

F105 spect to the triangular frustum A B C-D E F (^g, 105), 
if we first demonstrate that — any frustum is equivcilent to a 
triangular frustum of equivalent bases and the same altitude — • 
1. Let there be two pyramids A-B C D E F and G-H I K 

F104 (fig. 104) of the same altitude. Let the bases be in the 
same plane and equivalent, and let a plane parallel to that 
of the bases make the sections b c d ef and hi k. These 
are equivalent (144). Thus the two frustums have the 
same altitude and equivalent bases. Then we say they 
are equivalent For the entire pyramids are equivalent, 
since they have equivalent bases and the same altitude ; 
and the partial pyramids A-'^ c d ef and G^-A i k are 
equivalent for the same reason. Thus the two frustums 
are what remain after taking equal solidities from equal 
solidities. Consequently the triangular frustum is equiv* 
^ alent to the other. 2. The triangular frustum A B C-D 

F105E F (fig. 105) may be divided into three pyramids, hav- 
ing for their common altitude the altitude of the frustum, 
and for their respective bases, the lower base of the frus- 
tiiiB; the upper base, and a mean proportional between 
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th« two. The plane A E C cuts off one pyramid E-A tf 
Cj which has for ils base the lower base of the frustum, 
and for its altitude, the altitude of the frustum. The 
plane DEC cutoff another pyramid C-E D F, which 
has for its base tA upper base of the frustum, and for its 
altitude, the altitude of the frustum. There remains the 
pyramid E-D A C, for which we may substitute G-0 A 
C, by taking 6 in a line E G parallel to the base ; for 
the two pyramids E-D A C and G-D A G have the same 
base and altitude aud are therefore equivalent. But in- 
stead of Gt-A D C, we may take D for the vertex aud A 
6 C for the base. Thus we have a third pyramid D-A 
G C, which has for its altitude the altitude of the frustum. 
It only remains to prove that its base A G C is a mean 
proportional between ABC and D E F ; in other words, 
that A B C : A G C : : A G C : D E F. Now C being 
the common vertex of A B C and A G C, they have the 
same altitude. Therefore (115) they are to each other 
as their bases ; that isABC:AGC::AB:AGorD 

E. But A B C and D E F being similar (144), A B : D 
E : : A C : D F. Therefore ABC:AGC::AC:D 

F. Again, since G E is by construction parallel to (3ie 
plane in which A C and D F are situated, the triangles 
A G C and D E F have the same altitude. Therefore 
(1 15) A G C : D E F : : A C : D F. Then, from the 
two last propositions, leaving out the common ratio, we 
have ABC:AGC::AGC:DEF. Whence A G 

e=:(ABCxD E F)*. If now we add together the 
solidities of the three pyramids which compose the frus- 
tum, we shall have the result enunciated at the head of 
the article. 'w*r^' 

147. If a prism be cut by a plane inclined to the base^ 
the part cut off is called a truncated prism. Thus if D E F 
(fig. 103) is not parallel to the base ABC, this solid is a F 103 
truncated prism, respecting which, we shall demonstrate 
the following proposition. — The selidity of a truncated 
triangular prism is equal to that oj three pyramids^ having for 
their common base the base of the prisruy and for their verti' 
ces the three vertices of the incUned section — . Thus we ^ 
say that the truncated prism A B C-D E F:^E-A B 
C+D-A B C+F-A B C. The plane A E C cuts off 
the first E-A B C. Then E-A C F D remains. Thia 
is divided by the plane D £ C into E-A D C and E-F 
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D C. Now E-A D C=B-A D C, since they have the 
same base and altitude; and B-A D C is the same as 
P-A B C which forms the second pyramid a1)ove men- 
tioned. LasUyE-F D C=:D-E F Ciz:A-E F C^p-A 
F C=B-A C F=F-A B C, which is the third pyramid 
enunciated. Therefore — to find the solidity of a truncated 
prismy add together the altitudes of the three vertices of the 
inclined sectiouj and multiply their su>m by one third of the 
area of the base — . 

148. The polyedrons whose solidity has now been as- 
certaiued, namely, the prisnij the pyramid^ the frustwn of a 
pyramid^ and the truncated triangular prim, are the only 
ones, for the measurement of which specific rules can- be 
given. If we have any other polyedrou, its sohdity must be 
obtained by dividing it into pyramids and measuring these 
pyramids separately. I his may be done by taking any 
vertex and making planes to pass, through the edges 
meeting in this vertex. Then there will be as many 
pyramids as there are faces in the polyedron, minus those 
which have one point in the common vertex. 

Surface of the Three Round Bodies, 

• — 

• 

149; — Tlie surface of a cylinder is found by adding toge*, 
ther its axis and the radius of its base, and multiplying their . 
sum by the circumference of the base — . Call the axis A, 
the radius R, and the circumference C. Then we say 
the 8urfacez=;(A-|-R) XC. This surface is composed of 
the two bases which are equal circles, and the convex 
surface. Now one base=CX5 R (105). Then both. 
baseszrC X R- It remains x6 prove that the convex sur- 
face=CxA,for (CxR)+(CxA)z=(A+R) xC. We 
are to demonstrate that — the convex surface of a cylinder is 
equal to the circumference of its base multiplied by its alti- 
tude — . This will be evident if it be admitted that — the 
cylinder is a right prism of an infinite number of faces — which 
follows necessarily from the admission, that the circle is a 
polygon of an infinite number of sides. For in the circle 
F 106 which forms the base of the cylinder (&g, 106), each one 
of these infinitely small sides is the base of a right par- 
allelogram, which makes the cylinder a prism. It is, 
moreover, a righr prism, because by the definition, the 
line which generates the convex surface, is perpendicu- 
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larto the line which generates the base. Now the con- 
Tex surface of a right prism is equal to the perimeter of 
the base multiplied by the altitude. Thus tlie convex 
surface of the prism A K=(x\ B-f-B C-f C D, &c.) X A 
G. For A G is the common altitude of all the parallelo- 
grams, and the sum of their bases forms the perimeter A. 
B G D E F. Now suppose the number of faces indefi- 
nitely increased, and the inscribed prism will become a 
cylinder. Consequently the convex sujface of a cylinder 
is equal to the circumferefice of its base multiplied by its 
altitude ; but the altitude is the same as the axis. There- 
fore the convex surface=CxA. > . 
160. — The surface of a cone is found by adding togetherjy 
the radius of the base and the side of the coney and multiply^ 
ing their sum by half the circumference of the base — . By 
the side of the cone we mean A E (fig. 107), the Ay-F}Q7» 
pothenuse of the generating triangle. Then, calling the 
circumference C, the radius R, and the side S, we say 
tj^-^rurfiri — ^("R I S)t C. First the surface of the 
^se=i:iCxR- Secondly the convex surfaceznl CxS. 
This we are to prove. We say then — the cone is a regu- 
lar pyramid of an infinite nwnber of faces — . For the base 
is a regular polygon of an infinite number of sides, and 
the axis or altitude passes through the centre ; which are 
the two conditions required for a regular pyramid (133). 
Thus if the regular pyramid A-B C D E F inscribed in 
the cone, had the sides of its base indefinitely increased, 
it might be confounded with the cone. Now the convex 
surface of a pyramid is found by adding the areas of its 
triangular faces. Then the convex surface of a cone is 
found by adding the areas of its infinitely small triangles. 
But these triangles have for their common altitude the 
side of the cojie. For if C D were infinitely small the 
perpendicular let fall from the vertex A to C D, could not 
differ from A C or A D, Again the sum of the infinitely 
jsm'all bases make the circumference of the circle. There- 
fore half the sum of the bases multiplied by the common 
altitude, is the same as half the circumference multiplied 
by the side, or 5 C X S. Then, adding the base to the 
convex surface, we have (5 CxR)-f (5 CxS)=5 C 
(R+S). 

151. — The surface of the frustum of a cone is found by 
adding the side to the greater radius and muUiplying the sum 
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by half the greater circumference ; then bu adding the nde tm 
the hets radius and multiplying the sum by half the less ctr" 
cumference ; and lastly by adding these twb products toge^ 
' ther — . Thus, if S be the side of the frustum, R the jra- 
dius of the greater base and C its circumference, r the ra- 
dius of the less base, and c its circumference ; then we 
say the surface of the frustum=:s C (R-(-S)-|-i c 
(f+S). The area of the greater base B C D E F 

F107 (fig. 107)=:4 CxR. The area of the less base G H I K 
L=i cXf' To these we are to add the convex surface 
of the frustum. Now — the frustum of a cone is the frustum 
' of a regular pyramid of an infiniie number of faces — . There- 
fore its convex surface is composed of trapezoids (137). 
These trapezoids all have for their common altitude the 
side H C of the frustum. For if U I be infinitely small, 
an(^ if C D be infinitely small, the perpendicular let fall 
from H I to C D, cannot differ from H C or I D. More- 
over the sum of the parallel sides of all the trapezoids is 
equal to the sum of the greater and less circumfereMj^k 
Therefore (103) the convex surface=5 S (C-f-cJ?^ 
(JSxC)-|-(5Sxc)« Adding the three areas together, we 
have a CxR)+(i cXr)+{i CxS)+(i cxS)=^ C 
(R+S)+i c (r+S). 

162. — The surface of a sphere is equal to the circtmfe" 
rence of a great circle mMplied by its diameter — . By the 
definition of a sphere and of a great circle (134) the re- 
volving circle is a great circle and the axis of revolution 
is the diameter of the sphere. We shall divide the de- 
monstration into three parts. 1. — If a straight line re- 
take about another straight line as an aaisj the surface geA 
nerated thereby is equal to the revolving Unemtdtiplied by the 
circumference described by its middle point — . First, if the 

F 94 revolving line is parallel to the axis, as C D (fig. 94), the 
surface generated is the convex sur&tee of a cylinder, 
^ which (149) is equal to the circumference of the base 

multiplied by the axis. But the circumference of the 
base is the same as the circumference. described by the 
middle point ; and the revolving line is equal to the axis. 
Secondly^ if the revolving line meets the axis, as 8 B 

F 95 (^g. 95), the surface generated is the convex surface of 
a cone, which (150) is equal to S B multiplied by half 
the circumference described by the radius A B ; or by 
abbreviation S B X 5 circ. A B. Now suppobe H the 
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ttiiddle point of S B. Then we say that 5 circ. A 
' B— circ. K H- For circ. A B : cicc, K H : : A B : K H 
(96). ButA B:KH::'S BiSH::2:4 (78). Th%- 
fore circ. A B : cirq^K H : : 2 : 1 ; th^ lis, circ. K Hri^ 
circ. AB; and S BX5 circ.*A B=S Bxcirc. K H. "^ ' 
Thirdtif, if the revolving line is inclined to the axis with- 
out meeting it, as K D (fig. 108) the surface generated is F 10^ 
the convex surfite?e o^ the frustum of a cone, which (151) 
is equal to K Dx (5 circ. C D-|-5 circ. I K). Now let 
G be the middle point of K D. Then we say thaftbirc, 
F 0=5 circ. C D+i circ. I K. Since the circumferen- - 
ces are to each other as their radii, it is sufficient to prove 
that F G=:d (C D-f I K). Draw K M parallel to I C 
the axis of the frustum. Then F L=J (C M+I K). 
Also L G=| M D : for (78) L G: M D : : K G : K 
D::2:l. Then F L+L G=^ (C M+M D+I K), or 
F G=:i (C D-f I K). Consequently circ. F G=^ circ. 
C D-|-5 circ. I K, and the surface generated by K D=K 
Dxcirc. F G. Hence the proposition is universally true. 
2. — If a regular semi-polygon revolve about Us axis^ the swr- 
face gen9tated is eqjual to the axis multipUed by the circumr^ 
ference of the ipscribed circle — . Thus if A B C D E P 
G (tig. 109) revolve about A G as an axis, we say that F 109 
the surface generated=A Gxcirc. H I. Take any one 
of the sttes as B C. By the preceding proposition, the 
surface generated by B C=B Cx circ. MI. But B 
CXcirc. M I=N Lxcirc. H I. ,^For the triangles B C 
K and tt I M ^i^® similar ^77) since the sides of the one 
are .Perpendicular to tho^e of the other. Then B C : B 
K : : 5a I : M I : : circ. fl I r circ. M I. Hence (63) 'B 
Cxcirc. M I=B Kxcirc. H I. But B K==N L. There- 
fore the surface generated by B C =^U^ X circ. H I. In 
like manner the surface generated lu^Ds=L Hxcirc. 
H i, and the same U true with resi yeqBJ t he^sui^ees ge- 
nerated by each of the other «ideslflHPfs,\he surface 
generated by ^achside, is equal to Sir citxjumference of 
the inscribed circle 'multiplied by tlfes'egment of the axis 
cumprehended between the perpendiculars let fall from 
the extremitie^of that side. Therefore , the entire sur- 
face generated by all the sides, is equal to the circiipafe- 
Teace of the inscribed circle multiplied b^ the su^ of all 
the segments, or the entire axis. 3. — The stirfack gene- 
rated by the revolation of a •semicircuniference abotU Uf diamr - 
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etefj is equal to the diameter multiplied by the circvrnfe- 
rence-—. This follows dircctiy from the precediDg pro- 
portion. For the semicircumference is a regular semi- 
polygon of an infinite number of sides, of wh^ the axis 
A G is the diametei*; and the circumference of the in- . 
scribed circle is the same as that of the revolving circle. 
For when B C becomes infinitely small, H I will not dif- 
^ fer from H A ; and consequently circ. H I will not differ 
from circ. H A. Now circ. H A is that of a great circle 
of the sphere whose diameter is A G. Therefore the 
surface of the sphere is equal to its diameter multiplied 
by the circumference of a great circle. 

153. — The surface of a zone is equal to its altitude mul- 
tiplied by the circumference of a great circle — . By the de- 
finition of a zone (134) it is the portion of the surface of 
a sphere generated by any arc of the revolving semicir- 

F 109 cumference. Thus the arc C D (fig. 109) generates a 

V zone of two bases, namely circ. H D and circ. L C. Also 

\ \ the arc A B generates a zone of one base, namely, circ. 

N^ N B. Both surfaces have the measure enunciated. For 

* . the arc C D may be considered as composed of straight 

l^nes, and then, by the preceding proposition, the surface 

generated will have for its measure L Hxcirc. H I. But 

L H is the altitude of the zone, and circ. H I when the 

side upon which H I falls is infinitely small, becomes th^ 

circumference of a great circle. For the same re An the 

zone generated by A B is measured by A Nxcirc. H A. 

If now we wish to find the surface of a spherical segment 

(134), of which the zone forms the convex surface, we 

have only to add to the surface of the zone, the areas of 

• the two circular bases, or that of the single base, as the 

case may be. 

154. — The surfatCf^of an inscribed sphere is equal to tw9 
thirds of the surfcScfi wf the circumscribed cylinder — . A 
sphere is said tQijJ|p^tiscribed in a cylinder, when the 
bases and convex sullen of the cylinder are tangents to 

F 110 the sphere. Thus if Agl semi-square A B F £ (fig. 110) 
and the semicircle F G E revolve about the same axis F 
E, the sphere will be inscribed in the cylinder. And 
since B C==£ F, the base of the cylinder fs equal to a 
great circle of the sphere. Moreover, since the area of a 
great circle is equal to the circumference multiplied by 
half the radius, and since the surface of the sphere is equid 

\ 
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to tbe same circumference multiplied by the diameter 
(162), it follows that — the surface of the sphere is equal ta 
that of 4 great circles — . But the convex surface of the 
cylinder is also equal to that of 1 great circles, for the cir« 
*cumference of the base multiplied by the altitude (149) 
is the same as that of a great circle by its diameter. If 
to this we add the two bases, which are great circles, we ^ 
liave the entire surface of the cylinder equal to that of 6 ^ ' 
great circles. Consequently the two surfaces are to each 
other as 4 to 6 or as 2 to 3. 

Solidity of the Three Round Bodies. 

155. — The solidity of a cylinder is equcd to the area of 
its base multiplied by its altitude — . We have already seen 
(149) that the cylinder may be regarded as a prism of an 
infinite number of faces. Then its solidity must be mea* 
sured in the same manner as that of a prism, namely bj 
multiplying the area of the base by the altitude (143). 
Thus Jt being the ratio of the circumference to^ radius 
(113), R being the radius of the base^ and A the axis or 
altitude ; we have ^ xR^ for the area of the base, and 
7t X R^X A. for the solidity of the cylinder. 

156. — The solidity of a cone is equal to one third ofiht •« 
area of the base multiplied by the altitude — . We have al- 
ready seen (150) that the cone may be regarded as a 
pyramid of an infinite number of faces. Then its solidity 
must be measured in the same manner as that of a pyra- 
mid^ namely by multiplying one third of the area of the 
base by the altitude ( 146) . Thus i ?r x R2 X A is the so- 
lidity of a cone. 

167. — The solidity of the frustum of a cone is found by 
adding together Us greater bcpe^ its less base^ and a mean 
proportional between them^ anUi then multiplying their sum by 
one third of the altitude — . We have already seen (161) 
that the frustum of a cone |]aay be regarded as the frustum 
of a pyramid of an infinite number of faces. Then its so- 
lidity must be measured in the same manner, namely, by 
adding together the solidities of three cones having for ' 
their respective bases, the greater base, the less base, and 
a mean proportional between tbem, and for their common 
altitude the altitude of the frustum ( 146) . Thus R being 
the greater jradius, r the less^ and A the altitude, we have 
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f- 

for the solidity of the frastum (n xR2+7i: Xr2-f :7r xR 
Xr)Xi A=| 7rxAx(R2-^.r2+Rxr). 
L 158. — TTie solidity of a sphere is equal to its surf act 

\ multiplied by a third of its radius — . If we take the small- 

est portion of the surface of a sphere that can he conceiv- 
ed, it will Dot differ perceptibly from a plane. Accord- 
ingly — use may consider the surface of a sphere as composed 
^ of infinitely smaU planes — (98). Then, each one of these 
* planes being taken for the base of a pyramid, whose vei^ 
tex is at the centre of the sphere, we shall have the so- 
lidity of the sphere by adding together the solidities of 
these pyramids. Now all the pyramids have for their 
common altitude the radius of the sphere ; consequently 
I the sum of their bases multiplied by a third of the com- 

1 mon altitude, is the same as the surface of the sphere 

multiplied by a third of the. radius ; the measure which 
was enunciated. Call R the radius of the sphere. Then 
^ XR2=area of a great circle (113), and 4 n xR2=sur- 
.face of the sphere (154). Multiplying this last by i R^ 

I 4 

' we have - JT xR^ for the solidity of the sphere. 

! 159. — The solidity of a spherical sector is equal to the 

zone vobich forms its base multiplied by one third of the ror 
dim — . Let the spherical sector be that which is gener- 

I Fill ated by the revolution of the circular sector F 6 H (fig. 

111). By the reasoning of the preceding proposition, 
the zone generated by the arc F G'may be considered as 

) composed of infinitely small planes, each forming the base 

of a pyramid whose altitude is the radius H G. Then, 
the soliditv of the sector will be equal to the $um of these 
bases multiplied by ^ H G ; that is^ equal to the zone 
which forms the base of the sector, multiplied by one 
third of the radius. The circumference of a great circle 
being 2 TTxH G (113), we have for the surface of the 
zone (163) 2;rxHGxPG. Multiplying this by | H 



! G, we have for the solidity of the sector | TT x H G2 x P G. 

160. —The solidity of an inscribed sphere is equal to two 
thirds of that of the circumscribed cylinder — . The base of 
F MO the cylinder (fig. 110) being equal to a great circle of 
the sphere (154), the solidity of the cylinder is equal to 
a great circle multiplied by the diameter. Now the so- 
K£ty of the sphere (158) is equal to 4 great circles mul- 
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tiplied by | of the radius or g of the diameter, which is 
the same as a great circle maitiplied ^7 r or - of the di- 
ameter. Therefore the two solidities are to each other 
as 2 to 3. 

161. — Tlie solidity of a spherical segment of one base^ is 
found by taking the difference between the solidity of the 
spherical sector generated by the same arc as the segment^ 
and the solidity of the cone which has the same base as the 
segment^ and for its altitude the radius of the sphere minus or 
plus the altitude of the segment according as the segment is less 
or greater than a hemisphere — . Thus the spherical segment 
generated by P F G (fig. Ill) is equal to the sector ge Fill 
Derated by H F G minus the cone generated by H F P j 

or more briefly, segment P F G=sector H F G — cone H 
F P. This is evident from a mere inspection of the fig- 
ure. Now sector H F G=| or x h g2xP G (159) ; and 
cone H F P=5 ^X^ W^iH P (156). Hence segment 
p F G=:(| TTXH €f^XP G)— (^ ;^Xpf2xH P). 

162. — The soltkity of a spherical segment of two bases 
is found by taking the difference between the solidities ofiiqp 
spherical segments^ which have for their respective single ftsw- 
eSy the two bases of the segment to be measured — . Thus 

the segment generated by E F P (fig. Ill) is equal toFlll 
the difference between the sej^ment generated by E G 
and the segment generated by P F G. Now by the preced- 
ing proposition, segment O E G=sector H E G — cone H 
E O ; and segment P F G=sector H F G— cone H F P. 
Therefore segment O E F P~sector H E G — sector H 
F G-f cone H F P— cone H E O. Substituting the ex- 
pressions before obtained (161) we have the solidity of 

segment E F P=(| Ttxn g'^xO G)— (| ttxh g2xP 

G)+(| 71 xp f2xH P)— (I TV xo e2xH O). 

Comparison of Solids. 

163. it is easy to compare solids after having ascertain* ^ 
ed the measures of their solidity ; since for tbis purpose 

it is only necessary to compare those measures. More- 
ovet if, in comparing two solidities, there be a commoik 
faetoF, it may be omitted. Nor is the comparison Uuitdl 

\\. ' . 
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to solids of the same kind. A prism may be compared 
-with a sphere, or a cone with the frustum of a pyramid, 
' for their ratio must be the same as that of their solidities. 
The following proposition, therefore, requires no demon- 
stration. — Two prisms f two pyramids j two cylinders j or 
two cones are to each other as the products of their bases by 
their altitudes, — If the altitudes are the samcj they are as 
^ * their bases. If the bases are the samcy they are as their alti^ 
tudes. 

164. — The surfaces of two spheres are to each other as 
the squares of their radii^ and the solidities are as the cubes 
of their radii — . 1. Let S be the surface of one sphere, 
C a great circle of that sphere, and R its radius : also 
let s be the surface of another sphere, c a great circle of 
that sphere, and r its radius. Then (154) S=4 C, and 
s=4 c. But (117) C : c: :B2 ; r 2, and 4 C : 4 c : : R2 r 
r2 ; whence S : » : : R2 : r2, that is, the surfaces are as the 
squares of their radii. 2. The solidities of the two spheres 
are to each other as their surfaces multiplied by one third 
of their radii (158) ; ijsk^i is, as S X ? R is to «X ? r. But 
since S:s^::R2:r2, we have (65, 66,) SxiR^^Xi 
r : < ^ R3 : 5 rS : : R3 : f 3 ; that is, the solidities of the two 
spheres are as the ctibes of their radii» 

Similar Solids, 

165. 1. — Two polyedrons of th^ same number of faces are 
similar^ when their homologous solid angles are equalj and 
their homologous faces are similar polygons — • It follows 
from this definition that — the homologous sides or edges of 
simUar polyedrons are proportional; and the homologous 
faces are to each other as the squares of their homologous 
sides — . 2. — Two cones or twoi cylinders are simUar^ when 
their altitudes are to each other as the radii of their bases — . 

166. — Two similar pyramids are to each other as the 
cubes of their homologous sides — . Since by the definition 
the homologous solid angles are equal, the less pyramid 
may be placed in the greater so that the solid angles at 

F 93 A (fig. 93) shall coincide. Moreover, since the base G 
H 1 K L is, by the definition, similar to B C D £ F, and 
is at the same time a section of the greater pyramid, the 
two bases are parallel (144). Now calling A F and A L. 
aeaItitades,A*PCI>£F:A-GSIKJ^::BCX>£ 
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PX A F : G H I K Lx A L (163). But B C D E F • G 
H I K L : F e2 : L k2 and A F : A L : : F E : L K (131). 
Multiplying these two proportions term by term (67) we " 
have B C D E Fx A F : G H I K LxA L : : f e3 : t ; 
k3. Therefore, substituting this last ratio for its equal in 
the first proportion, we have A-B C D E F : A-G H I 
K L : : F e3 : L k3, whieh was to be demonstrated. 

167. — Any two similar polyedrons are Ip each other as 
the ctibes of their homologous sides — . No diagram is ne- 
cessary for this demonstration. Let A be a solid angle of 
one polyedron, and a the homologous solid angle of the 
other. Since these solid angles are equal, we ikiay sup«j^, . 
pose the less polyedron placed in the greater, so 'that the'*J 
solid angles A and a shall coincide. Then if the greater , 
polyedron be divided into pyramids, having their vertex 

in A, the planes which make these divisions, must evi- 
dently make corresponding divisions in the smaller. Thus 
the two similar polyedrons will be divided into the same 
number of similar pyramids, which by the preceding pro- 
position, will be to each other as Jhe cubes of their ho- 
mologous sides (166). Hience a continued proportion 
might be formed, having the greater pyramids for its an-^ 
tecedents, the smaller pyramids for its consequents, and 
for its last ratio the cubes of two homologous sides of the 
two polyedrons. Then by adding the antecedents and 
consequents, excepting the last, we should have the great- 
er polyedron to the less as the cubes of their homologous^ 
sides. 

168. — Two smUar cones or cylinders are to each other 
as th€ cubes of the radii of their bases — ^ No diagram is 
necessary for this' demonstration. Let C be one cone or 
cylinder, A its altitude, and R the radius oi its base ; and 
let c, a, r be corresponding expressions for the other cone 
or cylinder. Then (163) C : c : : Tt xR^XA :^Xr^X 
a : : R2X A : r^xa. But by the definition (165) A : a : : 
R : r. Multiplying this, term by term, by the identical * 
proportion R2 : r2 : : R2 : t% we have R^xA tr^xa: : R3 r 
r3. Substituting this last ratio for its equal in the first 
proportion, we have C : c : : R3 : r5, which Was ta be de* 
noDstrated. 
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CONTAIKINO AN ACCOUNT OP THE PRACTICAL APFLICATIOM OF SOME 
OF THE MOST IMPORTANT PRINCIPLES OF ELEMENTARY GEOMETRY, 
T06ETHBR WITH <lUESTlONfl FOR THE EXERCISE OF THE LEARNER. 



169. We begin with the proposition of art. 17. — A^ 
gles are measured by arcs of circles described from their ver- 
tices as centres — . Upon this proposition depend the con- 
struction and use of all the instruments, which have been 
invented for the measurement of angles in space, as well 
as for tracing them upon paper. The protractor and its 
use, we have already mentioned, (18). The quadranlis 
an instrument used for measuring angles in a vertical 
plane. Its essential parts are represented in tig. 112. E F112 
D is a graduated arc of 90° beginning at E. A C is a 
plumb line attached to the vertex A. Near A and D are 
two sight-holes for determining accurately the direction of 
objects. The direction of a plumb-line A G, suspended 
freely, is called vertical ; and the line F G, to which the 
vertical is perpendicular, is called horizontal. The angle 
HAG contained between the horizontal line and a line 
drawn to an object above it, is called the angle of elevation 
of the object : and the angle FAB, contained between 
the horizontal line and a line dravi n to an object behw it, .^. 
is called the angle of depression of the object. Both these » 
angles are readily measured by the quadrant. To find the 
angle of elevation H A G of an object H, tl^ quadrant, 
kept always in a vertical plane by means of the plumb- 
line, is so placed that the object can be seen through the 
two sight-boles by the eye placed at D. Then by count- 
ing the degrees from £ to the plumb-line A C, we have: 
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thcugleofeleTatioDsouglit ForE A C=H A0(91), 
euh beiDg CO m pie ju CD Is of the ■sine angle O A E. if 
' the angle of depressioD F A B of ao oltject B be reqoii- 
ed, the eye is placed at A aud the line of the sight-holes 
directed to B. Then the degrees are counted Irom E (o ^ 
the plumb- line^as before. For E A C=F A B,eachbe- 4 
ing complements of B A C. 

170. Having spaken ot angles of elevation and depretttM 
in connexion with the quadrant, the question natarall; 
arises, for what purpose are these angles measared ? The 
following example furuishes an answer. — Staw&igat 
the (Hslance of loO feet from a totoer tilaated vpoa a /unv 
xontal plane, U u proposed to find the height of the tower — . 
The angle of elevation measured by a quadrant, as direct' 
ed in the preceding article, is found to be 40°. Then the 
height of the tower is found by the following geometrical 
construction, founded upon articles 55, 56. L.et A 

F113 (fig. 113) represent the place of observation, and A B 
the distance of the tower^lOO feeL At A make au an- 
gle with the protractor=:40°, the angle of elevation. This 
determines- the direction of A C. Then as the tower is 
supposed to be perpendicular to the plane, erect a perpen- 
dicular at B to meet AC. B C will he the height of the 
tower, and its measure may be found by the same scale of 
equal parts by which A B was set off equal to 100. This 
example at the same time illustrates the importance of the 
proposiiioD (55) — a side and ttoo adjactnt angles deter- 
mine the triangle—. 

171. Having spoken in the preceding article of a scale 
of equal parts, it is proper ,tbat we explain ils constniclioD 
and use. To make a scale of equal parts, an inch or 
some other unit of length is taken as a basis, and as ma- 
ny of these units as may be desired, are accurately mark- 
ed upon a rule. These may be again subdivided into 
halves and quarters. But the most important subdivisioD 

V is the decimal and centesimal one, or that into tenths and 
bundredlhs. Thb we shall explain fay a diagram. Let 
B 114 A B (fig. 1 14) represent the inch or linear unit taken foe 
the basis of the scale. Divide A B into 10 equal parts, 
by the method explained art. 73, and number the di- 
visions as in the figure. Thus we have tenths of an inch, 
or of any other unit repr^ented by A B. Now, to find 
hmdTedihs, construct upon A B the square A. B C D, KQd 
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divide each of tbe sides into 10 equal parts. Through 
the points of division of A D and B C, draw the horizon- * 
tal lines parallel to A B, and number them on B C as in 
the figure. Then from the vertex A draw the oblique 
line A £ to the first point of division in D C. Again join 
the first point of A B with the second of P C, the second 
of A B with the third of D C, and so on through the fig- 
ure. By this construction we have a sca/e of hundredths^ 
as may be easily shown. The triangles A D £ and A G 
H are similar, having each a right angle and the angle at 
A common. Then GH:D£::AG:AD. Now A G 
is 9 tenths of A D by construction ; hence G H is 9 
tenths of D E. But D £ is 1 tenth or 10 hundredths of 
an inch or of the unit taken for the basis. Therefore G 
H is 9 hundredths. By similar reasoning it might be 
proved that I K is 8 hundredths, P Q 7 hundredths, and 
so on to R S, which is 1 hundredth. If now it were re- 
quired to find a number of hundredths greater than 10, as 
34 for example, place one foot of the compasses at L in 
the horizontal line numbered 4, and extend the other to 
M in the oblique line numbered 3. L M will be 34 hun- 
dredths. For, as we have just seen, L T=4 hundredths, 
and T M=A 3 v38) =3 tenths=30 hundredths. Then. 
L M=L T+T M=:34 hundredths. If it were required 
to find 76 hundredths, place one foot of the compasses at 
N in the horizontal line numbered 6, and extend the 
other to in the oblique line numbered 7. NO will be 
76 hundredths, which might be proved as before. In a 
similar manner we might find any number of hundredths 
from 1 to 99. This decimal and centesimal scale usually 
occupies the. first place at the right hand of the scale of 
equal parts. And let it be observed that if A B represent 
10 inches or units, each division of A B being an unit, 
the oblique divisions will be tenths. Also if A B represent 
a hundred inches or units, each division of A B being 10, 
the oblique divisions will be units. } 

172. The following example will illustrate the use of 
the scale oj equal and decimal parts. — The sides and at^ 
gles of apiece of land being found by measurement^ it is pro-' 
posed to draw a plan which shaU represent their dimensions 
upon paper — . Let the number of sides be 6, expressed 
in rods as follows lst:=:100, and makes an angle with 
lhenext=86^ 2d;=;110, angle with the next=:109°. 
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• 3fc80, ana;le=136*». 4th=60, angle 100^ 6tb=112, 
• aiigli' u iih Is'rz 1 10°. Now what we propose, is to form 
a reduced copy or plan of this field, which shall repre- 
sent the sides and angles in their true proportions. This 
process is called projecting the field. We shall make the 
projection on the scale of 100 rods to an inch. We be- 
F 115 gill by making A. B (fig. 116)=1 inch. At B with a 
protractor- (18) we set otT an angle=:85% which deter- 
mines the direction of the next side B C. The length of 
B C is 110 rods, which, by the preceding article, is re- 
presented on the scale by 1 inch atid 10 hundredths. The 
point G being thus determined, we make the angle at 
C=109° and for C D=80 rods, we take 80 hundredths 
from the scale. In this manner we proceed till the con- 
struction is completed ; and the polygon ABODE will 
represent the true proportions of the field. For by con- 
struction, it has its angles equal respectively to those of 
the field ; and the sides have the same ratio to each other 
as the corresponding sides of the field. Therefore the 
polygon is similar to the field (85). It is obvious that 
perfect accuracy is not to he expected in measurements i 
of this kind, where an error so small as 1 hundredth of 
an inch in the diagram, would amount to 1 rod in the ac- 
tual dimensions of the field. Still less reliance could be 
placed upon constructions, in which, as is frequently the 
case, the scale of projection is 100 miles to an inch. But 
it is equally obvious that, with good instruments and 
great care in the use of them, such constructions may be 
regarded as very close approximations to the truth. If, 
for example it were required to ascertain from the dia- 
gram the length of a straight line drawn from the begin- 
ning of the first side in the field to the end of the second, 
we find by taking A in the compasses and applying it 
to the scale, that it is equal to I inch and 45 hundredths ; 
and we thence, conclude that the real line is 145 rods. 
But here an error of half a rod or 1 two hundredth of a^ 
inch could not be detected. Trigonometry furnishes 
methods of obtaining more accurate results, but this be- 
longs to another department of mathematics. 

173. We shall now describe the instrument used for 
measuring angles upon a horizontal plane, such for exam- 
ple ks those of the field in the preceding article. If it be 
required merely to measure the angles which the sides of 



i 



'fc * * 1 — 




APPENDIX. -, 

■ field, or which lines drawn to any two objecli, nuke 
with eftch other, nothing more is necesauy than h gnd- 
nated circle, haring a moveable index with sights. For 
by placing this at the vertes or angular point, ho that the 
diameter from which the d^p^es are counted, shall coin- 
cide in direction with one of the aides, and then moving 
the index round till it coincides with the other side, the 
namber of degrees at the index will express the measure 
of the angle. But it is usual to add to the graduated cir- 
cle other appendages. The most important of these is k 
magnelic needle, the property of which is th^t for any giv- 
en place, it preserves a constant position with respect to 
. the meridian or North and South line, and if removed 
from this position, will immediately return to it Ano- 
ther appendage is a spirit leotlj by which the horizontal 
position of the instrument is determined. Such an instru- 
ment is called a Graphometer, Stmeyor^t Compasa, Theo- 
ddUe, and Maritier's Compaaa, according to the varietiea 
of its construction and appendages. It is used not only 
to determine the angles which lines make with each other, 
but the angles which lines make with the meridian, the 
position of which is known at each observation by the£- 
rection of the needle. This is the usual way of laying 
down the angles of a field. The course of a ship, too, is 
always determined by the angle which the direction of 
her keel makes with that of the needle in the compass. 
We shall only observe further concerning instruments, 
that lines on the surface of the earth, are usually measur- 
ed by a chain 4 rods loog ; and consistiBg of a hundred 
links, so as to be adapted to the decimal scale. 

MeTituralien of Heights and JDutancea. 

174. Af^er the foregoing explanations, it will be euj 
to uadeistand the solution of the following problems in 
the Mensnratioa of Heights and Dislancts ; all of which 
depend upon Uie properties of triangles demonstrated in 



^86 .• APPENDIX. 

Sohaion-, From any scale of equal parts set off A 

.-VrPllSB (fig: 116)=200. Mate an angle at A=47o 30, the 

'* ' angle of elevation. This determines the direction of A C, 

[ as the right angle at B determines the direction of B C. 

The intersection of these two, determines the length of 

B C. Take B C in the compasses and apply it to the 

same scale from which A B was taken. The length of 

B C, is thus found to be 218, to which add 5, the height 

of the instrument, and we have 223 for the height of Sie 

steeple. 

176. — To find the height of an accessible object standing 
on an inclined plane — . A tree standing on the declivity 
of a hill makes with the downward slope an anglezrl 15^ ; 
and, at the distance of 250 feet down the hill, the angle 
made by a line drawn to the top of the tree with the up- 
ward slopez=20o. Required the height of the tree. So- 

, Fll7/ttfuwi. Let A B (fig. 11 7) represent the slope of the 
hill, and set it off from the scale=250. At B make an 
angle=115o. This determines the direction. of B C. 
At A make an angle=20°. This determines the direc- 
tion of A C. The intersection of A C and B C deter- 
mines the height of the tree B C. Take B C in the 
compasses and apply it to the same scale from which A 
B was taken, and it will be found to be 121 feet. 

177. — To find the height of an inaccessible object above 
a horizontal plane — . The angle of elevation of the top 
of a tree standing on the other side of a river=60^ ; and 
100 feet farther distant, in the same vertical plane passing 
through the tree, the angle of elevation of the top is 40^. 
Required the height of the tree. Solution. Draw the 

F 118 indefinite line A D (^fig. 118) to represent the horizontal 
plane. Take a point B for the first place of observation, 
and make the angle D B €=:60'^. This determines the 
direction of B C. Then take B A from the scalcrzlOO, 
and at A make an angle=40°. This determines the di- 
rection of A C, and the intersection of A C and B C de- 
termines the point C, the top of the tree. From C let, 
fall a perpendicular C D to the ];iori!fontal line, and this 
will be the height of liie tree. Apply C D to the scale 
from which A B was taken, and it will give the height 
=162 feet. 

178. — Tc find the distance between two objects on a ho- 

I; rizontal pUmCy by observations made frotn the tup oj a tower 




APPENDIX. 87 



or some oAer enufience whote height is faunim, the objects 
and Ike lower being m the same vertical plane' — . From the • ^ 
■ top of a. tower 143 feet above a level with the sea two 
sUps are observed. The angle of depression of the first 
is 46°, and that of the otherin a direct line beyond is 31°. 
Required the distance between the two ships. Solution. 
DrawlheUne A B<fig. 119) to represent the heiKhtofFUS , 
the tower^l43. At B erect the indefinite perpendicular 
B D to represent the horizontal line in which the ships 
are situated. Through A draw A E parallel to B D, for 
the purpose of setting off the angles of depression. Make 
the angle E A 0—46°. The intersection of A C with B 
D determines G the position of the nearest ship. Then 
make the angle E A D=31°. The intersection of A D 
with B D determines D the positioQ of the other ship. 
Apply D C to the scale and the distance of the two ships 
will be foood^zlOO feet 
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of A C and B € detennines the position of the object C, 
and the intersection of A D and £ D determines the po- 
sition of the object D. Take C D in the c5mpas8es and 
apply it to the scale from which A B wa^ taken, and the 
distance of the two objects will be found =480 yards. 

181. The following questions are proposed as an exer- 
cise in the foregoiiig problems. 

1. At the distance of 200 feet from the bottom of a 
tower standing on a horizontal plane, the angle of eleva- 
tion is 370, the height of the instrument beifag 5 feet. 
What is the height of the tower ? 

2. Two persons at the distance of 200 feet from each 
other, standing on the same level and in the same vertical 
plane passing through the top of a hill, find the angles of 
elevation at the two stations to be 48^ and 27^. What 
is the height of the hill ? 

3. A leaning tower makes with the plane upon which 
it stands an angle of 85^ ; and at the distance of .175 feet 
from its base in the direction towards which it leans, the 

« angle of elevation is 50^. What is the perpendicular 
height of the tower ? 

4; From an eminence 90 feet above a horizontal plane, 
the angles of depression of two objects in the same verti- 
cal plane with the observer, are found to be 30^ and 50^. 
What is the distance between them ? 

5. At the extremities of a wharf 150 yards long, the 
bearings of a ship in the harbour are found to be 70^ and 
55^. What is the distance of the ship from the wharf ? 

6. From the extremities of a wharf 195 yards long 
two ships are observed. At one extremity, their bearings 
are 40^ apd 92° ; and at the other 46^ and 101°* What 
is the distance between the ships f 

182. In article 108 the following proposition was de- 
monstrated. — The square of the hypothenuse of a right 
triangle, is eqwU to the sum of the squares of the other two 
sides—. This admits of important practical applications. 
We have already made use of it (113) in finding the ra- 
tio of the circumference of the circle to its radius or di- 
ameter. We then took it for granted that the student 
was acquainted with the process for extracting the square 
root of numbers. We shall do the same now, since the 
explanation of it is generally considered as belonging to 
arithmetic and algebra. Supposing then this knowledge. 
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we have demonstrated that — eUher svde of a right triangle 
maif be foundy when the other two are known — , Thus ia 

• the right triangle A B C (fig. 122) A C=(a fiS-f b c2)^ _ 

Substituting numbers, for A B, 3 feet and for B C, 4 feet, 

#we have A C=(9-|-16)^=5. Hence the foUowing rule 
' — To find the hyppthenuse, add together the squares of the 
other two sides and extract the square root of their sum — . 

Again A ^.i=(ac2— B c2)5 and B Cz=(a c2— a b2)*; 

or in numbers A B=(25— 16)*=3, and B Ci=:(25— 9)^ 
=z4. Hence the following rule — To find either side^ sulh 
tract the square of the other side from the square of the Ay- 
pothenuse, and extranet the square root of the remainder — . 

183. By applying the above rules, the following ques* At§^ 
tions will be readily answered. 

1. How long must a ladikr be to reach the top of a ^tt j^ 
wall 60 feet high, the foot of the ladder being 12 feet from '^^ 
the wall ? 

2. A prop 30 feet long has the upper end placed against fk /"J 
the side of a building 16 feet from the ground. Hovv far *■ ♦ "^ 
from the side of the house is the foot of the prop ? 

3. The height of a roof is 8 feet and the span 24. What jL^'f' 
is the length of the rafters ? — Note. The span of the roof. ^ i\ . \ 
is the same as the breadth of the building. u • » • 

4. A travels North 250 miles, and B from the same ^/X 4 
place travels East 300. How far are they apart? « ^ t 

184. < In article 81 we demonstrated the following pro- %* 
position— :'(jf from any point voithout a circle a tangent and 
secant be drawn^ the tangent j^mean proportional between ^^ 

the entire secant and the p§ri without the circle — . This . ■^L- ^ 
enables us to find the diameter of the earth by measure- "^'vHS 
ments made upon its surface ; and, having found the dii- 
ameter, it facilitates the j|^easuremetit of certain heights * %.% 
and distances. Thus 1^ A F (fig. 123) represent the F 123, 
height of a mountain, F P the diameter of the earth, and 
A B the distance at which the summit of the mountain 
can be seen in the horizon. Then by the proposition 
referred to, A F : A B : : A B : A D. Multiplying the 
two means and dividing by the first extreme, A Dr=A 
b2-^A F. But A D=A F+F D Then by subtracting 
A F, we have F D=(a B2-f.A F)-— A F. Hence the 
foUowing rule for finding the diameter of the earth, when 

8* — 
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the height of a mountain, and the distance at which its 
summit can be seen in the horizon, are known. —Sqvuire 
the distance^ divide by the height^ and then snbtract the 
height from the quotient — . Again from the first propor- 
tion we have a b2=A DxA F=(F D+A F)xA 
, r=F DxA F+A f2. Then extracting the square root 

wehaveAB=(FDxA F+A f2)*. Hence the fol-' 
lowing rule for finding the greatest distance at which an 
object of a known height is visible. — MuUiply the diawr 
eter of the earth by the height of the object^ teethe product 
€Ldd the $quare of the height^ and, then extract the square root 
of the sum — , Lastly from the above equation A F X F 
D-|^a'^^=A b2, which is ai^ equation of the second de- 

'^ ♦, I. gree, we have A F=(t d F^-f-A b2)^ — i D F. Hence 
the following rule for finding the height of an object 
^ f \ 1^ when we know the greatest distance at which it is visi- 
ble. — To one fourth of the square of the diameter of the 
earth add the square of the distance^ extract the square root 

U «< i ^f ^^ ^^j ^^^ fi^^ '^** ^^^' subtract half the diameter of 
the earth — . 

165. The following questions may be solved by the 
i » t \ rules demonstrated in the preceding article. 
^ ^fi tj^ 1* ^9^ mountain be 3 miles high, and if its summit can 
t)e seen at sea, at the distance of 154 miles, what is the 
i' * , ^ diameter of the earth ? 
|Lg. ^ 2. The diameter of the earth being known, how far 

*/ can a mountain one mile high, be seen at sea? * 
^. 3. What is the height of an object which can be seen 

•j' '30 miles at sea ? 

^ - 4/ | 4. If a ship's mast be 120 feet high, how far can its top 
^^•^ be seen ? 

• .,^ 5. If the top of a light-house be seen from the sur- 
%0j^ fsLce of the water at the distance of 15 miles, what is its 
/ height ? 

Measma^xm of Swr faces. 

186. In articles 100, 101, 102, 103, 105, 106, 113, the 
following propositions were demonstrated. 

1. — The area of a square is found by m/uUiplyinff one of 
its sides by itself^. 
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2. — 'She qrm of an^paraUelogram UJound by multiphfr 
htg its bam hjftii ciiUude — . \ 

3. — The area of a triangle is found by mtdtiplying its 
base by half its altitttde — . 

4. — The area of ajt^ipezoid is found by multiplying its. 
altitude by half the sum of its paraUel sides — . 

5. — The circumference of a circle is found by muhiply- 

ing its diameter fey 3. 14 1 5926—. *\ * . 

6. — The diameter of a circle is found by dividing its cir- 
cumference by 3.1415926 — . •••^ ^ 

7. — TTie area of a circle is found by miMvplying its cir- 
cumference by half its radius/' i or by multiplying the square 

of Us radius by ^Ai\ 5926—. --- ^- ** It 

8. — The area of a sector is found by multiplying its arc . . 
by half its radius — . x 

9. The area of a segmeiit isfcjj0 by ^king the difference 
between the area of a secl^ mbmgiiie Affft arc as the seg^ 
menty and that of a ttimQle wbgse^ base is the chord of the 
segment^ and whose c^^«^«o%i46?(if¥Vodw of the circle of 
which the segment is a part — . 

187. Tke foUowiog questions may be solved by apply- 
^ iDg the rules in the preceding article. m^ 

•*** ' "It •« Ae^id^oi a square is ten feet, what is its arear?--» " 

2. If the area of a square be 225 square feet, what li^^flV 
the length of one of its sides ? 

3. The side of a square piece of land is 80 rods. What 
number of acres does it contai n i'>>i ^ , " ^ ^ 

4. It is required to lay out a piece o^laai in the form 
of a square, which shall contain one acre. vWhaF must 
be the length of one of its sides ? * ■ / |» yl^f A 

5. How many acres are there in a square mi\e'^/s^ 

6. The base of a p^rallelogr^ is 40 feet and its altitude 
16. What is its area^<^-i^M» *•#* t 

7. The area of a parallelogram is 144 square feet, and 
its base is 18 feet. What is its aMfide ?^ \ 

8. If a piece of land in the form of a parallelogram, m^i^Si* 
have kv bas§ 180 rods and*its altitude 70 rods, how many-Z '^^ 
acres does it contain ? 

9. If it be n^uired to lay out 60 acres of land in the 
form of a parallelogram whose base is 120 rods^ liirhat 
must be its altitude ? •*— ' M - 

10. The base of a triangle is 15 inches, and its altitude '^^ 
12 inches. What is its:ture| }' ^ . > % 
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.11. The area of a triangle is 4 square feet, mi its alti- 
tude is 1 1 inches. What is its base ? /^4» % 

12. What is the difference between 'a triangle whose 
base is 10 feet and altitude 5 feet, and a parallelogram of 
the same base and altitude ? ^%^ 

13. What is the difference between a triangle whose 
base is 9 feet and altitude 8 feet, and a square whose side 
is 6 feet ?•* # 

14. One of the parallel sides of a trapezoid is 12 inches, 
the other 16 inches, and the altitude 9 inches. What is . 
the area ? / 1 • 

15. The area of a trapezoid is 70 square feet and its 
|24^«M*altitude 7 feet. What is tlfe sunt of its parallel sides ? 

16. What is the difference between a trapezoid whose 
altitude is 20 feet and the sum ot whose parallel sides is 
50 feet, and a triangle whose base is 100 feet and its alti- 
tude 10 feet? -A S^^ t^ 

17. The diametejLof a circle is 4 feet What is its 
circumference j L,, ■^/Zt ^ $$ % /# ^ 

Note, It is sufficient for all common purposes, to mul- 
tiply by 3.1416 instead of 3.1415926. 
i» ^, 18. The circumference of a circle is 75feet. What* 
^ * * * is its diameter ? What is its radius ? C «t ** '' ^^♦^^■m 
*/t%^*^ 19. The radius of a circle is 7 feet. What is its area ? 
20. The circumference of a circle is 25 feet. What is 
its area? * 

• »*k 21. The area of a circle is 100 square feet. What is 
its radius ? H f^^ ^ 

22. The areaj)fa^ circle is 1000 square feet. What is 
jta-cirettnJ(ereDoeT?, 

V28. What is the difference between a circle whose ra- 
dius is 10 feet, and a triangle whose base is 10 feet and 
altitude 16 feet ? % 4Mfei It/ C * 

24. The radius of a sector is 4 feet and the arc 12 feet 
What is th6 arM ? tt$ 

25. The area of a sector is 90 square feet and the radi- 
'*^ * us 8 feet. What is the length of the arc ? C t ^ 

26. If the circumference of a circle is 27 feet, how long 
. is an arc of that circle containing 60<^ ? ^f%», 

Note. This is found by &e following prc^rtion 
360 : 60 : : 27 : answer (15).^ 
» ; 27. If the radius of a sector is 5 feet a&d its arc 70^^ 
what is its area ^ i fi iJi /i"^^-- 
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28. If the radius* (rf the sector ABC (fig. 124) is 3F124 
feetjiits aroi ^ ^'.W9> and the fiho^B C 3.3 feet, what is * , 
the area of the segment ? f f / * 4f i^ 

Note. The altitude A D of the triangle A B C is found 

|H*y fte'^iiati>n*i^±(iSB0~i^ For AD falls 

upon the middle of B C (28), and the square of ^ B C is 

•r B C*. 

188. In articles 149, 160, 151, 152, 153, the following 
propositions are demonstrated. V»# " . .^ 

^ » f.y ' — ^t^ convex surface of a cylinder is found by muUi-' 'i^'"?- * 
plying thh circumference of its btise by its altitude — . 

2, — The entire surface of a cylinder is found by adding •;.|#»Jg 
the radius of the base to the akitudcj and multiplying their ] ^^ 
^\suifii^th€iiirfn$fr^ff(nceoftheb€tse — . ^P^f— 

4 3. — The cqnoex surface of a cone is found by multiplying 
the drcumfetence of the base by hay the side of the cone — • 
4. — The entire surface of a cone is found by adding the 
radit^ of the base to the side of the cone^ and multiplying 
their 9umby half the circumference of the base — , 

6. — Tne convex surface of the frustum of a cone is found 
by multiplying the suLeJaf'4mlf the sum of the greater and less 
circumferences'-. . ^.,. j- ,. ' ... .^... . |--M > -f ' 

6. — The eilllfirefttif(fpSlofihe*frJit^ %/ \ c^vhJemd 
« by adding the sideko the greater radius and mtdtiplyiny the 

sum by half the greater drcumfetence; then by adding the 
side to the less radius and multiplying the sum by half the less 
circumference ; and lastly by adding these two products toge-- 
ther — . ^ ^ 

7. — The surface of a sphere is found by multlp^ng the 
. diam^^ by the circumference of a great circle — . 
4 8. *»^The surface of a zone is found by multiplying its al- .^ 

titude by the circumference of a great circle — . , • \ 

189. The following questions '^j^ bfe iKiRrM hy apply- 
ing the roles in the preceding article. 

1. The radius of the base of a cylinder is 4 inches and n^- — 
its altitpde 10 inches. What is itS'ttotn f a^rfe^fe ?• ^"^JfVz^^ 
is its entire surface ? f 1^*^' f T'^j^Blfflr'tlhf^'^F!^'^'^**' 

2^r The area of the base of a cylind^is 20 square feet ^ 
and its altitude 8 feet. What is its entir^ surface ? What \^ 

19 its convex surface ? it^^^Lim A ^i i* It/i ^i*J 

3. The radius of the base of a cone is 7 inches and ita i 
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side 16 inches. What is the convex surface ? What is 
the entire surface ? . S^J.l^ C T'** // ^ «• ^•'^ 

4. The are^ of IHA his%%( a cone is 30 square feet 
and the altitude 10 feet. What is the entire surface ? 
What is the convex surface ? /f /, f f I * C / 1 A ^ ^ U 
Note. The side of a cone is the bypothenuse of a right ' 
triangle, of which the altitude and the radius of the base 
are the other two sides. 
gf ^ 51 The greater radius of the frustuna of a cone is 6 feet, 
^J, Zl# the less radius 4 feet, and the side 7 feet What is'-.the 
^*<^<Ci convex surface ? What is the entire surface ? | / 1 f /^ ft ^ i 
6. The greater base of the frustum of a cone contains j 

|yA|i#4» 40 square feet, the less base contains 25 square feet, and 
"Ujr *lie altitude is 7 feet. What is the entire surface of the 
^^^ cone ? What is the convex surface ? i # ^» f^y M A 3 /# 
Note. The side of the frustum of a cone is the hypo- f j 
thenuse of a right triangle, of which the aftitude and the ^ 

difference between the greater and less radii, are the other 
F 108 two sides. Thus K D (fig. lOS) is the hypothenuse of , 

the right triangle K M D, of which K Mzzil C, is the al- .j 

titude of the frustum, and M D=C D — 1 K, is the diffe- 
rence between the radii. 
M|« X^ffSfTf. "Hip '^jjp of ? '1J>^?yA^'*'Qg^ii^''^ ^^^^ ^ ^^^ ^^^~ - 

face }/r}rf ♦ <-» **'. ^^K^ t 

8. The diameter of the earth is nSrly 7920 miles. f 
.Now supposing the figurieof the earth to be perfectly ^ 
spherical, how many square miles are there in its surface > 
The circumference of a great circle of the earth is 
early MfiSO'* ^i^es, and the altitude of one of the frigid i 

zones IS nearly 31^ uHles. How' many ^square miles are 
there in its^s|urf^ce ? ^ "sJi i 

10. The ittltitude of one of the tepiperaig^zoneilil^ear-— I 
ly 204Q piles. < How many square* milesare^Ihere in. its 
surface j ^*jW*r * » " '"^' ' 

11. The altitude of the torrid zone is n?Siti„3800 
miles. Howinany square miles are there in its surface I j 

190. In articles 139, 143, 146, 146, 155, 156, 157, 
^ . idi, Xb% 1619^6% lh&ioldk\4ng propositions were de« • 
Bonstrated. 
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1. — The solidity of a cube is found by taking one of ^ 7 ^-^ > 
sides three times as a factor — . r*. '* 

[ 2. — The solidity of a prism or of a cylinder isfoimd by ♦ ' 

! multiplying the area ^^f ba>se by its altitude — . J. ' 

3. — The solidity of a pyramid or of a cone is found by -i^^r 
multiplying the area of its base by one third of its altitude — . i^lTl 

4. — Ihe solidity of tjte frustum of a pyramid or of a cor^ JjfX 1 
is found by adding the solidities of three pyramids or cones qf w^ • \ \ 
f/ie same altitude as th^frustum^ and having for their respec^^^ ^ \^ .. 
tive^bfmSy the greater icwe, the less base^ and a mean propar^^-.Z^^^^^ ' 
tii^umtween the' two — . 

5. — The sdidxty of ojsphete is found by multiplying its 
surf^ % inekhird of tl(e radius — ^^ , 

6. —iXb^ solidity of a spherical sector is found by mtdti- , 
plying in^iafofie of the zone^ which forms its bassy by one » * », • 
third of the ra(Hus — . 1 ***V ? • 

t 7. — The solidity of a spherical segment of one base w t * ^% ^ 

found by taking the difference or sum of the solidities e^a sec- \ '^^ I 

tor and a cone ; the sector being that whose base is the zoiik'^^l^^ ^\ 
or convex surface ef the segment^ a^^tk^fne that whose base ^^ -'* 




is the base ofjhe se^fienL and whpse altitude is the radius of %%.^, ^ t 
0{^ JSP"*''^ *HMiB»^^'^JplM^^^'*^^«K*<fe of the segment J accord-- * '** '^ * 
^Ar ing as the segment is less or ar^i£T than a hemisphere — . 



8. — Ttie soliSty-^f^a s^H^tcU segment of two bases is 
found by^taking the difference between the solidities of two % 
spherical segments of one base ; the respective bases of the 
latter^ being thk two bases of the required segment — . 

191. The JnlowiDg' questions may be solved' by the ap- 
plication of tflifrules in the preceding article. 

1., If the sidfl^^oS^a cube be 9 inches,-:jfiow many cubic 
or solid inches' does it contain ^fX% » ^jt' 

. 2. How many cubic inches are were in a cubic foot ? //<* 

3. If a cube contain 2550. solid fi^,^Sml^% the length 
of its^side. 4lt p ii 

Note. This question supposes a knowledge of the pro- 
Cess for extracting the cube root of numbers, the explana- T y ^ 
tion of which is generally considered as belonging to 
arithmetic and algebra. 

4. A. cord of wood is in the form of a quadrangular 
prism, 8 feet long, 4 feet wide, and 4^et high. Ko^ 
many solid feet does it contain } J9^m 

5. If a prism col tain 9«^0 solid feet, and if its altitude 
be 20 feet, what is the area of its base ? ^(^ ^ 



• 
I 



T^* 

^ 




Se ^ APPENDIX. 

« 

#f # f/jL 6. What is the solidity of a pyramid whose hase cov- 
' ^^ ^ /^TB a thousand square feet, and whose altitude is 70 feet ? 
7. If a pyramid contain 800 solid feet and its hase 50 
. iL square feet, wliat is its altitude ^^ff 

w4 S 1m 8. If the greater base of the frustum of a pyramid be 
H^ 75 square feet, its less base 60 square feet, and its alti* 
ffi^ tude 20 feet, how many solid feet does it contain ? ^^^ 

tf^ 4/1 9. If the radius of the base of a cylinder be 10 feet ^ _ 
^T^^pfand its altitude 20, how many solid feet does it contain^B ' 
' ' 10. If a cylinder contain 1000 solid feet, and if theij 

radius of its base be 6 feet, what is its altitude ? Jl f ^ K ' 

11. If the radius of the base of a cone be 8 feet and '• ' 
its altitude ^0 feet, what is its solidity ? { 9i t(ft 

12. If th^ solidity of a cone be 2000 feef^n^ jjie radi- 

«. 9 -^• 
how I !| 

any solid feet does the frustum contain ? • ^ 

1^/ 14. If the radius of a sphere is 8 inches, what is its j 

solidity? i.'U.<|»J<# 
i# M^mkA I^- How many cubic miles does the earth contain? \ 

^<^*4low many cubic feet ?ifl, J/ f/;/^-<>> j 

16. The diameter of the moon is 2re0 miles.^ What is 'J^ 
its volume or solidity ? JT f^ ^ V $/ ^ ^S^£ 
17. The solidity or volume ofthe sun is 3371i)2 times 
as great as that of the earth. What is the surface of the 
sun, supposing it spherical ? What is its diameter ? 

18. If the radius of a sphere be 6 feet, liid the altitude 
of a zone forming the base of a sphericffjsector 2 feet, 
what is the solidity of the sector ? /STKR /f • 

. K • , 19. If the soliditjiJbf ^ spherical sector be 3000 solid 
^ ^Veet, and its radius 50 Veet, what is the surface of its zone 
or base? /$^*)%m , 

F 125 20. If the radius H G (fig. 125) o^ a^plAre be 8 i^^ 
and the altitude P G of the segment P F G of one base, 
7 / 1?^>e 3 feet, what is the solidity of the segment PEG? 
•|' / Note, The radius of the base of the segment P F is 

fottod thus. P F= (H f2—h p2) ^ Now H F is the ra* 
dius.of the sphere, and H P is the radius of the sphere 
minus the aititudejof^the segment, or the altitude of the 
cone H F P. * * ^ 
F 125 21. If the radius H G (fig. 125) of a sphere be 8 feet, 
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and the altitude O G of the segmept E G of one base, 

be 5 feet, how many solid feet does this segment contain ? _ 

22. If the radius H G (fig. 125) of^tjieV«phere 1^ 8;Pl25 
feet, and the altitude O P of the segment O E F P of 

two bases, be 2 feet, the greater base being at the distance 
of H O or 3 feet froiti''^l|^e|i|re]^ ^yj^t is ,the solidity of 

the segment O E F i^? >7T»iff:i5 #44^ ' . 

23. If the radius of i, §{^/^e |(J llet, and the aftitiide 
of a segment of two bases 4 Ifeet ; the-greater base being 
2 feet from the centre, ^4 b'cM^ in* the saa|e Jiemi|pbere ; 
what is the solyl^ty of ti^e segment ^jfW^^B jt^f is. — ^'^ 

i^ 24. If the radius of a sphere be 12 feet, and the aim 
/ tude of a segment of two bases 6 feet ; the centre being 
•* between the bases, and one base being 4 feet fr^p the 
centre j what is the solidity of the segment ?^#^ft • ' 

Note. In finding the solidityjat'tiS greater segment of 
one base the cpne must here be addeS^to the sector. 

* . Comparismi of Similar Smjaces and Solids, 



*^^ 



^1192. In articles 116, 117, 164, 167, 168, the following 
propositions were demonstrated. 
^ A " I. -^Two similar polygons are to eUch other as the squares 
of their homologous sides — . : 

2. — Two girc^s are to each other as the squares of their 
radii or diameters — . 

4 3. — '7%e surfaces of two spheres are to each other as the 
squares of their radii — . 

4. — Thetblidities of two spheres are to each other as the 
cube^ 'ffitheir radii-^^. 

5. — Xwo similar polyedrons are to each other as the cubes 
of thfir homologous sides — . 

. ' ^. — Two simUar cones or cyWUiers are to each other as 
the cubes of the radii of4iheif bfises--- i 

193. The following t}!teftiQPi .naay,,be^solved by the ap- 
pl^^on of the rules in the preceding article. * 

1. The side of one triangle being 11 inches, and the 
cortesponding side of a similar triangle being 3 inches, 

'what IS their ratio in numbers ? -jm^ 

2. The dimensions of a field bemg found in rods, and 
th^.plan being projected upon the scale of dO rods to an 
inch, what is the ratia of the pllCd^o^e field, expressed 
iHi^^mbers? 35-|-^ 
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3. The eograving of a painting 10 feet square is made 
t upon a surface 10 inches square. What is the ratio of 

redifttion ? ^ Mjf^ 

4. The homologous sides of two similar figures are as 
8 to B, and the area of the first is 120 square feet What 
is the area of the M^nd ?^ ^ Af£ fjf 

5. The^talii <f IR oLrcl J J|e as 8 to 10. What is the 
ratio of the circles ?* ^ fi^*'/^ 

6. Two circles ai-e to each other as 12 to 20. What is 

the ratio ^f ^^^ttl^i^ ^ ^*^* ^'^ 

7. The radjiiV it\the earth is 3060 mil^, and that of 
Mars ^000 miles. What is the ratio of their surfaces ? 
What is the ratio of their solidities ? 

7. The diameter of Jupiter is 89000 miles, what is the 
ratie^nlHte«8urfaces of Jupiter and the earth ? What is the 
ratio of their volumes ? 

8. The sides of two similar polyedrons are to each as 

3 to 9. What is the ratio of their solidities ? I) ; f ty 

9. A model of the temple of Minerva is made upon 
' the scale of 6 feet to an inch. What ratio does the mag- 
nitude of the model bear to that of the original ? wS *{ #♦/ 

10. The radii of two sibilar 
as 3 to 9. What is the ratio 

11. The solidities of two similar cylinderi 
64. What is the ratio of their radii ? 0» ^ 

12. The radii of two similar cones are to each oth^r/&s 

4 to 7. What is the ratio of their solidities ? . f ^ 3 • 6 % 

13. It is required to' make a model or copy of a given 
cone, upon the scale of 16 feet to an inch.^ What ratio 
will the copy bear to the original ? 7/ ^ ♦ t^ l^ 
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QUESTIOPTS FOR REVIEW. 



1. What is a point ? Can you make or perceive a geo- 
metrical point ? 

2. What is a line ? What are its estremities ? 

3. What is a straight line ? Can you prove that it b the 
shortest distance betneea two points ? 

4- What is a linear unit ? 

5. Can the ratio or value of lines he expressed in num- 
bers? How? 

6. What is a broken line ? 

7. What is a curved line ? What is it composed of? 

8. What is the circumference of a circle ? Radius ? Di- 
ameter ? A,rc ? Sector? Segment? Chord? 

9. What is a degree ? Minute ? Second ? 

10. What is an angle ? How is it read ^ How measured ? 

11. What is a right angle ? Acute? Obtuse P 

12. What is the sum of all the angular space about a point ? 

13. What is the supplement of an angle ? Complement ? 

14. What are vertical angles? Are they eqiUH Why? 

15. When is a line peq>endiGular to another ? When ob- 

16. If a perpendicular be erected on the middle of a line 
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22. Wbat are two interior angles on the same side, and 
^hat is proved of tkem ? 

23, What is proved of parallels comprehended between 
parallels ? 

24; What is proved of two angles which have their sides 
, parallel and directed the same way ? 

25. What is proved of two parallel tangents or secants ? 

26. What is proved of every angle which has its vertex in 
the circumference ? 

27. What are inscribed angles and what is proved of them ? 

28. What is a triangle ? Can it always be inscribed ? 
Why? 

29. To what are the three angles always equal ? Why ? 

30. Can a triangle have more than one right angle ? Why ? 

31. What is a right triangle ? What is the side opposite 
to the right angle ? 

32. Do two an^es of a triangle determine the third angle ? 

33. What is an exterior angle, and what is proved of it ? 

34. What is an isosceles triangle and what is proved of it ? 

35. What is an equilateral triangle and what is proved 
of it? 

36. What is proved of the greater side of every triangle > 
37.* What are the four cases in which two triangles are 

equal ? 

38. There are six things in a triangle ; how many are ne- 
cessary to determine the triangle ? 

39. Do three angles determine a triangle ? Why ? 

40. What is a ratio ? How is it written ? 

41. What is a proportion ? How is it written ? How is it 
read ? 

42. What are the extremes ? Means ? Antecedents ? Con- 
sequents ? 

43. Are the products of the means and extremes equal ? 

44. What if two proportions have a common ratio? 

45. May the means or the extremes change places ? 

46. May either ratio be multiplied or divided by the same 
number ? 

47. May one proportion be multiplied by another or hj 
itself? 

48. What is the ratio of the sum of the two first terms to 
the sum of the two last, and of the difference of the 
two first to that of the two last ? 
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49. Id a contiaued'proportion, what is the ratio of the snm ^ 
of the anteeedeota to that of the consequeats ? 

50. What is proved of a line dravni through the sides jif 
a triaogle, parallel to the base ? 

51. What are the problems that are solved upon this prin- 
ciple ? 

52. What are similar triangles ? In what three cases are 
IriaDgles similar ? 

53. What important proposition is demonstrated of similar 
triangles f 

54. What is proved of a perpendicular let fall from the 
circumference to the diameter .■' 

55. Wh^t is proved of a tangent and secant drawD from 
the same point to a circle ? 

66. What is meant by dividing a line in extreme and mean 
ratio ? 

57. What is a figure of four sides called ? 

58. What is a parallelogram ? Trapezoid ? Trwiezium .' 
99. What is a right parallelogram ? Square ? Oblong or 

Rectangle } 

60. What is an oblique parallelogram? Rhombus P Rhom- 
boid? 

61. What is proved of the diagonal of a parallelogram ? 

62. What is a polygon ? Reg^ar? Irregular? Similar? 

63. To what is the sum of the interior angles of a polygon 
equal ? Why ? 

64. What is pf<!ved of two polygons composed ' of the 
same number of similar triangles? 

65. What is proved of two regular polygons of the same 
number of sides ? 

66. Can every regular polygon be inscribed ? 
67.' How is a nniinre innr^ribcil in a D-iven ■■!ri>1p ? 
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%. What is a plane 8urf«ce ? Poljgmial ? Curved ? 

77. What is the superficial unit ? Why selected ? 

78. W hat is the meaning of area ? 

t9. What is the area of a right parallelogram ? 

80. What is the area of a square ? 

81. What is the area of any parallelogram ? Why ? 

82. What is the area of a triaugle ? Why ? 

83. What is the area of a trapezoid ? Why ? 

84. What is the area of a regular polygon ? Why ? 

85. What is the area of a circle ? Why ? 

86. What is the area of a sector ? Segment ? Why ? 

87. How do you find the area of an irregular polygon ? 
Can it be converted into an equivalent triangle^' 

88. What is demonstrated of the square of the Bypothe- 
ouse ? 

89. Can you make a square equivalent to the sum or dif- 
ference of two given squares ? 

90. Can you make a parallelogram equivalent to a given 
square, and having the sum or difference of its base and 
altitude equal to a given line ? 

91. Can you make a square which shall be to a given 
square, in any given ratio ? 

92. Can you find the exact ratio of the circumference of 
a circle to its diameter ? , * 

93. Can you find an approximate ratio ? 

94. What is it ? Could the approximation be carried fur- 
ther? 

95. How do you find the circumference from the diame- 
ter ? How the diameter from the circumference ? 

96. How do you find the area from the radius ? 

97. What Greek character is used to express the above 
ratio ? 

98. Can you make a square equivalent to any given fig- 
ure ? How ? Why ? 

99. How are surfaces compared ? 

100. How are similar figures compared ? What is their 
ratio ? 

101. What is the ratio of two circles ? 

102. Do 'equal perimeters always eflclose equal areas? 
How is this proved ? 

103. Among triangles of the same base and equal perim- 
eters, Vhich is the greatest ? 
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104. Among polygons of the same perimeter and number 
of sides, which is the greatest ? 

105. Among polygons of equal perimeters aud equal 
f sides*, Which is the greatest ?. 

106. Among regular polygons of the same perimeter^ 
which is greatest f Why ? 

107. Is a circle greater than any polygon of the same pe* 
rimeter? Why? 

108. How is the position of a plane determined ? 

109. What is the intersection of two planes ? 

110. How are plane Angles measured ? 

' 111. Do they have the same properties as linear angles ? 

112. When is a line perpendicular to a plane ? 

113. WbBit measures the distance from a point to a plane ? ' 

114. When are two planes, or a line, and a plane, par- 
allel ? 

115. What is proved of parallel lines comprehended be- 
tween parallel planes ? 

116. 'What is proved of the intersections of two parallel 
planes by a third ? 

117. What is proved of straight lines drawn between three 
parallel planes ? 

118. What is a Solid ? How generated ? Boundaries ? 

119. What is a'polyedroti ? Wh?yt is the side or edge ? 

120. What are the planes which bound it called ? 

121. What is ^ prism ? Its bases? Altitude? Convex sur- 
face ? What is alright prism ? 

122. What is a pa^allelopiped ? Right paraljelopiped ? 

123. What is a cube ? 

124. What is a pyramid ? Base ? Altitude ? Convex sur- 
face ? * 

125. What is a regular pyramid ? Frustum of a pyramid ? 
126-" What are the three round bodies ? 

127., W]hat is a Cylmder ? Base? Altitude? Convex sur- 
face? 

128. What is a cone? Vertex? Altitude? Convex sur- 
face ? 

129. What is the side of a cone ? What is the frustum of 
a cone ? ^ 

130. What is a sphere ? How generated ? 

131. What is every section made in the sphere ? 
132* What is a great circle ? What a small one ? • 
133. What is a spherical sector ? Spherical segment ? 
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134. WhtX it the altitude of the sector or segment ? 
136. What is a zooe } Its altitude f 

136. How do you fiad the surface of a prism ? 

137. How ^0 you fiod the uurface of a pyramid f * 

138. Hutr do you hnd the surface of the thistuiB "of a. pvp- 
-amid? " 

189. What Is taken for the unit of solidity ? Why ? 

140. W hat is the solidity of a right parallelepiped ? 

141. What is the solidit^ of a cube P 

142. What is the ijolidi^ of any parallelopiped? Why.' 

143. Whatis the solidity of a right triangular pitsm/ Wliy? 

144. What of any triangular prism ? Of any prism ? Why i 

145. What is the solidity of a triangular pyrsmid? Why^ 

146. Whal is the solidity of any pyramid? Why ? , 

147. What is the solidity of the frustum of a pyramid f 

148. What is the solidity of a truncated triangulv prism ? 

149. What is the surface of a cylinder .' Convex surface ! 

150. What is the surface of a cone? Cooves surface ? 

. 151. What is the surlace of the frustum of A cone ^ Coo- 
vex surface ? 

162. What is the surface of a sphere > Of a zone ? 

153. What ratio does the surface of an inscribed sphere 
bear to that of a citcuniKcribed cylinder? 

164. What is the solidity of a cylinder ? Why ? 

156. What is the solidity of a cone ? Why ? 

156. What is the solidity of the frustum of a cone? Why? 

157. What is the solidity of a sphere ? Why ? 
168. What is the solidity of a spherical sector ? 

159. W'hat ratio does the solidity of an inscribed sphere 
bear to that of a circumscribed cylinder ? 

160. How do you find the solidity of a spherical segment 
of one base ? Of two bases ? 

161. How are solids compared ? 

162. What is the ratio of the surfaces of two spheres ? 

163. What is the ratio of the solidities of two spheres ? 

164. What are similar polyedrons ? 

165. What are similar cones and cylinders? 

166. What is the ratio of two similar pyramids ? 
Hd67. What is the ratio of two similar polyedrons ? 

168. Whal is the ratio of two eimilai cones or cylinders ? 
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